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INTRODUCTION 


There  are  in  existence  many  classes  introduced  in  view  of  extending 
the  notion  of  Bessel  potentials  of  functions  ( c.  f.  [2]  ;  classes  Pa  dis¬ 
cussed  there  were  introduced  earlier  but  the  theory  was  not  published  in 
extenso). 

The  most  important  appear  to  be  the  classes  often  denoted  by  Lp 

(Calderon  [6]),  W®  (introduced  by  Gagliardo  [11]  and  Slobodecki  [14]  aB 

a 

the  extension  of  classes  introduced  by  Sobolev  for  integral  values  of  a) 
and  /®a,p  (the  special  case  of  more  general  classes  introduced  by  Besov 

[5)0  h 

These  classes  are  defined  essentially  as  follows  (for  precise  defini¬ 
tions  see  §7  of  this  paper). 

Lp  is  the  class  of  all  Bessel  potentials  of  L,p  functions,  i.  e.  of  all 

functions  u  of  the  form  u  =  G  *  f,  fe  LP,  where  G  is  the  Bessel  kernel 

a  a 

of  order  a  (c.f.  §2).  The  norm  in  LP  is  defined  by  ]Ju]]^  p  =  ]]*]]  p  • 

Wa  ,  for  a  >  0  is  defined  as  the  class  of  all  functions  which  together 
P 

with  all  derivatives  of  order  <.a  (in  the  sense  of  the  theory  of  distributions) 
are  in  LP  and  have  finite  norm 


L  1  =  0  Jjp=i  R* 


R  R 


dxdy  ~| 

l*-yjn  J 


Vp 


1.  We  shall  not  consider  here  the  classes  introduced  by  Nikolskii  [12]  as 
they  are  not  so  closely  related  to  potentials  of  L>P  functions.  The  same 
applies  to  the  general  classes  of  Besov. 
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In  the  latter  expression  the  double  integrals  are  to  be  omitted  for  a  in¬ 
teger.  (For  a  precise  definition  of  the  norm  in  Wp  see  §3. ) 

^  a  >  0,  is  defined  as  the  class  of  all  functions  of  with  the 

finite  norm  |u|a  pk  =  (jj  uf  p  +  J  j|^|]P  ?  |t  |‘n dt)^  ,  k  >  or  . 

This  expression  does  not  give  the  standard  norm  in  'ZS  a,P.  However, 
for  all  integers  k  >  or  the  corresponding  norms  juj  ,  are  equivalent. 

In  view  of  different  aspects  of  the  theory,  each  of  these  classes  has 
its  advantages  and  disadvantages.  From  the  point  of  view  of  simplicity  of 
properties  the  class  seems  to  be  the  most  advantageous;  the  class 

D 

LT*  is  the  simplest  from  the  point  of  view  of  definition  and  representations 
of  its  elements.  Class  Wp  is  in  most  cases  in  a  kind  of  intermediate  posi¬ 
tion  between  the  other  two;  for  a  hot  integer  and  all  P.  1  <  p  <  °o,  W®  co¬ 
incides  with  7S>a’^,  whereas  for  a  integer  and  1  <  p  <  oo,  it  coincides  with 
iP.  The  only  cases  when  W®  has  a  somewhat  independent  existence  are 
p  =  1  or  p  =  oo  and  a  integer.  These  are  actually  the  cases  when  the  in¬ 
formation  about  W*  is  the  least  precise.  For  this  reason,  if  we  were  in¬ 
terested  in  studying  these  classes  in  the  whole  space  rP,  there  perhaps 
wouldn't  be  much  point  in  introducing  the  classes  W®.  This  study,  however, 
is  conceived  as  an  introduction  and  help  to  the  investigation  of  the  corres¬ 
ponding  spaces  on  domains  of  the  space  Rn  (as  was  done  in  the  case  of 
Bessel  potentials  in  [3]).  In  this  connection  we  immediately  come  across 
the  question  of  defining  these  classes  intrinsically  for  a  domain  D  Q  Rn  . 

For  Wa  the  answer  is  immediate.  To  define  Wa(  D)  it  suffices  to  replace 

p  P 

if  by  D  in  all  the  integrals  occurring  in  the  definition  of  the  norm.  Such 
definition  is  justified  by  an  extension  theorem  asserting  the  existence  of  a 
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simultaneous  linear  and  bounded  extension  mapping  from  W^(D)  to 


W^(Rn)  for  a  rather  general  class  of  domains. 

As  concerns  li^  there  is  no  intrinsic  definition  of  a  corresponding 
class  in  a  domain  O. 


In  the  case  of  '73a,p  there  is  an  intrinsic  definition  for  a  domain  D 

proposed  by  Besov  in  which  the  integration  of  the  difference  is  taken  only 

over  the  points  of  D  where  the  difference  is  defined.  However,  it  is  not 

known,  and  probably  not  true  that  for  a  general  domain  D  the  different 

norms  defining  "75 are  equivalent.  Even  if  one  of  them  is  chosen,  the 

presence  of  the  higher  difference  occurring  in  the  norm  makes  it  very 

unwieldy  to  use  it  in  a  domain.  In  the  case  of  classes  Wa  we  know  that 

2 

roost  of  the  results  of  the  theory  of  Bessel  potentials  of  L  functions  can  be 

extended  to  W  (D).  It  is  not  known  and  seems  difficult  to  extend  these  re- 
P 

suits  to  the  proposed  classes  /7S°f,p(D).  This  is  the  reason  why  in  the 

cx 

present  paper  we  are  stressing  the  study  of  the  classes  . 


All  the  classes  under  consideration  can  be  considered  as  completions 
of  the  class  C™  with  corresponding  norms.  The  classes  LP,  W®,  '73a,p 
are  such  completions  relative  to  the  class  of  sets  of  Lebesgue  measure  0. 

This  approach  avoids  some  essential  difficulties,  but  in  some  respects 
it  is  rather  inconvenient,  especially  if  we  want  to  speak  about  restric¬ 
tions  of  these  classes  to  hyperplanes  or  more  general  subsets  of  Rn. 

Clearly  this  approach  does  not  allow  any  insight  into  pointwise  properties 
of  derivatives  of  functions  of  the  classes  under  consideration. 

2 

Similarly  as  was  done  in  the  case  of  Bessel  potentials  of  L  functions 
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we  introduce  the  perfect  functional  completions  of  C^°  with  the  norms 

of  lP,  W*  ,  To  distinguish  these  perfect  completions  from  the 

ot  p 

imperfect  completions  we  use  the  symbols  Pa’P  for  the  perfect  comple¬ 
tion  corresponding  to  I_P  (in  analogy  to  the  symbol  Pa  for  Bessel  poten- 

tials  of  L  functions),  pa,P  for  the  perfect  completion  corresponding  to 
a  ^  d 

Wp  (  in  analogy  to  P  for  Bessel  potentials  intrinsically  introduced  on 
domains)  and  Ba’^  for  the  perfect  completion  corresponding  to  '/2>a’P. 

It  is  to  be  noted  that  for  p  =  2  all  three  classes  coincide  with  Pa, 
and  this  is  the  only  exponent  for  which  a  single  class  can  be  defined  com¬ 
bining  all  the  advantages  of  Pa’^,  pa,P  and  Ba’^  . 

All  three  families  of  spaces  considered  here  were  extensively  in¬ 
vestigated  by  several  authors,  Besov  [5]  (see  also  [12]),  Calderon  [6], 
Gagliardo  [11],  Slobodesky  [14],  Stein  [7],  [8],  Taibleson  [19]  and  others,*'  and 
many  of  the  results  presented  in  thiB  paper  were  obtained  by  them.  We 
believe,  that  in  addition  to  some  new  results  which  we  obtain  here,  the 
most  significant  contribution  made  is  the  introduction  of  the  representa¬ 
tion  formulas  for  the  study  of  the  spaces  under  consideration.  The  method 
appears  to  have  possible  applications  in  the  general  study  of  differential 
problems. 

The  basic  idea  behind  the  use  of  representation  formulas  lies  in  the 
fact  that  they  represent  a  function  as  an  integral  transform  (or  a  linear 
combination  of  such)  applied  to  expressions  whose  L*3  norms  occur  in  the 
definitions  of  the  spaces  under  consideration.  For  example,  the  represen¬ 
tation  formula  (c.  f.  §  5) 

UW  =  Jo  111*  ,  (" ’ t  dy 


1.  See  [12], 
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expresses  u  in  terms  of  all  its  derivatives  of  order  <  m  --  the  norm  in 

Wm  is  defined  in  terms  of  norms  of  these  derivatives. 

P 

We  give  a  general  method  for  obtaining  such  representation  formulas. 
They  are  derived  from  identities  written  in  terms  of  Fourier  transforms, 
where  they  appear  as  quite  elementary;  the  translation  of  these  leads  to 
identities  in  terms  of  the  original  functions,  usually  in  terms  of  some 
special  integral  transformations.  This  kind  of  translation  has  a  well  deter¬ 
mined  meaning  in  terms  of  tempered  distributions,  but  since  we  are  interested 
in  applying  the  resulting  formulas  as  bnna  fide  integral  transformations,  we 
have  to  use  a  relatively  simple  theorem  (§5)  giving  conditions  under  which 
the  formulas  so  obtained  are  valid  as  integral  formulas.  These  considera¬ 
tions  in  turn  necessitate  an  analysis  of  the  corresponding  integral  transfor¬ 
mations  in  order  to  decide  if  these  transformations  are  absolutely  regular. 

In  §6  we  give  criteria  for  absolute  regularity  which  were  already 
known  for  some  time  to  be  sufficient  {but  were  not  published).  Quite  recent¬ 
ly  E.  Gagliardo  proved  them  to  be  necessary  also  (in  a  forthcoming  paper). 

In  the  introductory  chapter  we  recall  some  basic  notions  and  results 
of  the  theory  of  functional  spaces  and  functional  completion  (§1),  the  de¬ 
finition  of  the  kernel  and  some  of  its  properties  (§2).  For  functions 
of  C^°  we  introduce  the  standard  and  approximate  norms  of  ^  3)  and 

the  norms  ]  ^  of  4)  and  investigate  their  properties;  in 

particular  we  prove  the  equivalence  of  norms  |  J  ,  with  varying  k. 

The  second  chapter  deals  with  the  imperfect  completions.  In §5  we  de¬ 
scribe  the  formal  way  of  obtaining  all  our  representation  formulas  (among 
these  the  reproducing  formulas  and  inversion  formulas  for  Bessel  poten- 
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tials).  §6  is  to  be  taken  as  a  brief  introduction  to  the  general  theory  of 
integral  transformations  which  leads  in  particular  to  the  notions  of  semi¬ 
regular,  regular,  and  absolutely  regular  transformations  and  their  basic 
properties.  In  §7  we  introduce  in  a  precise  way  the  imperfect  completion; 
in  §  8  we  prove  the  continuity  of  the  standard  norm  of  considered  as 
a  function  of  a.  In  §9  we  derive  various  auxiliary  inequalities  concerning 
the  kernel  ,  its  derivatives  and  differences,  which  are  needed  in  §10 
where  we  consider  several  integral  transformations  occurring  in  our  repre¬ 
sentation  formulas  and  analyze  them  from  the  point  of  view  of  properties 
described  in  §6.  Almost  all  of  these  transformations  turn  out  to  be  ab¬ 
solutely  regular  which  allows  us  to  obtain  in  §11  all  the  equalities,  isomor¬ 
phisms  and  inclusions  between  the  different  classes.  We  show  in  particular 
that  there  is  a  well-determined  space  of  tempered  distributions  such 

that  75a,p  =  G,  B°,P  for  all  a  >  0.  In  most  cases  these  results  were 
or 

obtained  by  other  authors  by  different  methods;  we  were  able  to  make  some 
of  them  more  precise.  In  §12  our  representation  formulas  are  used  to  re¬ 
present  the  spaces  W^,  as  projections  in  suitably  defined  L^-spaces 

which  allows  us  to  prove  in  a  simple  way  that  Wa,  Wa,  and  ’Q01’^ 

P  P 

are  conjugate  in  suitable  pairings. 


Chapter  III  deals  with  the  perfect  completions  Pa’*\  Pa’^,  and  Ba’*\ 

In  §13  we  prove  their  existence,  describe  their  exceptional  classes  and 
show  that  in  almost  all  cases  the  representation  formulas  introduced  before 
give  perfect  representations  of  functions  in  corresponding  perfect  completions. 
It  is  shown  further  that  functions  in  perfect  completions  have  pointwise  de¬ 
fined  derivatives  (for  p  —  1  the  results  are  somewhat  weaker).  It  is  also 
shown  that  for  every  function  in  any  of  the  imperfect  completions  we  can 
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very  easily  obtain  a  corresponding  function  in  the  perfect  completion  by 
replacing  it  by  the  pointwise  limit  of  its  regularizations  (corrected  func¬ 
tion)  and  taking  as  its  exceptional  set  the  sets  of  all  points  where  the  limit 

does  not  exist  or  is  infinite.  (Here  again  the  result  is  less  precise  for 
v  a  1 

P  ,  or-integer.  ) 

In  the  last  section  we  prove  theorems  about  restrictions  of  functions 
of  our  classes  to  hyperplanes  and  extensions  from  hyperplanes  to  the  whole 
space.  We  take  advantage  of  the  fact  that  our  representation  formulas  give 
perfect  representations  of  functions  in  our  classes,  and  consequently  the 
pointwise  restrictions  are  defined  directly  by  these  formulas.  The  results 
of  §10  provide  an  immediate  verification  that  the  restrictions  so  obtained 
are  in  suitable  classes.  The  extensions  are  obtained  by  again  making  a 
suitable  use  of  the  representation  formulas. 
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CHAPTER  I.  Preliminaries. 

§1.  Functional  spaces  and  functional  completion. 

For  the  sake  of  completeness  we  shall  summarize  here  some  results 
of  the  theory  of  functional  spaces  and  functional  completion  relevant  for  this 
paper  (c.f.  [l]). 

Let  (exceptional  class)  be  a  cr-additive  and  hereditary  class  of 
subsets  of  a  set  £  .  A  property  of  points  of  &  is  said  to  hold  except  ot 
(exc.  Ot  )  if  the  set  where  it  fails  belongs  to  OL  . 

A  linear  functional  class  relative  to  Ol  (rel.  Ot  )  is  a  class  of 
complex  valued  functions  defined  on  £  exc.  OL  such  that  for  every  u.ve  ^ 
and  for  every  complex  number  a,  u  +  ve?  and  oru  e  9^-.  If  Ot-=(G),  i.e.Ot 
contains  only  the  empty  set,  ^  is  called  a  proper  functional  class. 

The  space  V  of  all  equivalence  classes  of  elements  of  a  functional 
class  'f-  exc.  OL  with  the  equivalence  relation  f  -  g  f  =g  exc.  ot  is, 

of  course,  a  vector  space.  We  shall  consider  only  such  functional  classes 
"if  that  if  f  e  ?  and  g  —  f  exc,  Ot  then  ge  9  (saturated  classes). 

A  normed  functional  class  f  rel.  Ot  is  a  linear  functional  class 
rel.  ot-  in  which  there  is  defined  a  norm  Jjuj]  >0  with  the  properties  : 

1*  Jj  uj|  =  0  if  and  only  if  u  =  0  exc.  Ot ,  2*  jjaufl  —  J or ]  ||uj|  , 

3*  I1UI3  S  11 u  —  v U  +  IM). 

If  a  class  ^  is  normed  then  the  corresponding  vector  space  V  of 
the  equivalence  classes  of  elements  of  7  is  a  normed  vector  space.  All 
notions  relevant  in  the  theory  of  normed  vector  spaces  (e,g.  convergence, 
completeness,  etc.)  may  be  therefore  transferred  directly  to  the  class  7  . 
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A  functional  space  rel.  0i  is  a  normed  functional  class  rel.  0U  with 
the  following  functional  space  property:  Every  sequence  which  converges 
to  0  in  the  norm  contains  a  subsequence  convergent  to  0  pointwise  exc.  01 . 

A  functional  completion  of  a  normed  functional  class  rel.  Ot-  is 
a  normed  functional  class  ^  rel.  0L  such  that  (a)  Ot  ;  (h>)  if  u  c  5^ 

then  u£?  and  has  equal  norms  in  both  classes;  (c)  ”5^  is  dense  in  "3*  (in 
norm)  ;  (d)  is  complete.  There  may  be  no  functional  completion  for  ^ 
relative  to  a  given  exceptional  class  ~2)  &  •  However,  if  a  functional  com¬ 
pletion  exists  then  it  is  unique. 

A  functional  completion  of  a  normed  functional  class  is  perfect 
if  its  exceptional  class  is  contained  in  the  exceptional  classes  of  all  functional 
completions  of  5*  .  Perfect  functional  completion  is  unique  if  it  exists. 

The  basic  problems  of  the  theory  of  the  functional  spaces  relevant 
for  this  paper  are  a)  to  determine  when  a  functional  class  has  a  perfect 
functional  completion,  b)  to  characterize  the  exceptional  class  for  the  per¬ 
fect  completion. 

As  concerns  problem  a),  it  is  not  known  whether  the  existence  of 
some  functional  completion  implies  in  general  the  existence  of  a  perfect  func¬ 
tional  completion.  In  applications,  however,  the  existence  of  a  perfect  func¬ 
tional  completion  may  be  established  by  means  of  the  following  majoration 
properties. 

A  normed  functional  class  with  the  norm  fl  J)  is  said  to  have  the 
global  majoration  property  if  there  is  a  constant  M  >  1  such  that  for  every 
function  uf^  there  exists  a  function  u1  e  3*  such  that  flu1  J|  <  Ml|uJ  and 
Re  u'(x)  >  ju(x)|  exc .Of-  .  In  particular,  if  M  *=  1,  the  class  is  said  to  have 
the  strong  majoration  property. 
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Denote  by  the  class  of  sets  BC  £  such  that  there  exists  a  func¬ 
tion  ue  ^  with  the  property  (i)  |u{x)J  >  1  for  xe  B  exc.  Ot-  .  For  Be«& 
we  define  6{B)  =  infj|u|]  for  all  ue?  satisfying  the  above  property  (i). 

On  (the  class  of  all  enumerable  unions  of  sets  from  Z&-)  we 
define  the  capacity  of  order  1,  c^(B)  as  follows:  c^(B)  =  inf  f  ,  6(B^)  ,  the 

infimum  being  extended  to  all  sequences  {B^j  of  sets  in  o&  with  B  U  B^. 
We  have  then  the  following  theorem. 

THEOREM  1. 1 .  If  the  normed  functional  class  7-  satisfies  the 
global  majoration  property  and  has  some  functional  completion,  then  it  has 
a  perfect  functional  completion  relative  to  the  exceptional  class  of  all  sets 
B  with  c^(B)  =  0. 

It  may  happen  in  applications  that  the  global  majoration  property  does 
not  hold  for  the  class  7  itself,  but  can  be  proved  for  another  class  9^ 
relative  to  the  same  exceptional  class  Ot  and  such  that  it  has  exactly  the 
same  functional  completions  as  the  class  7  .  We  use  here  the  following 
easily  proved  theorem. 

THEOREM  1.  2.  _If  q,  'fy  C  7^  »  are  two  normed  functional 

classes  rel.  Ot  such  that: 

1°  For  every  f  e  7  q  ,  the  norms  of  f  in  and  7  ^  coincide 

2°  For  every  f  e  7  y  ,  there  exists  a  sequence  {fn  j  C  such  that 

lim  jj fn —  f]j  =  0  and  lim  f  (x)  =  f(x)  exc.  01. 
n  -►ao  n— *-oo  n 

Then  q  and  have  the  same  functional  completions. 

The  last  theorem  will  be  applied  in  practice  by  restricting  the  initial 
functional  class  7  to  a  smaller  class  Q  and  then  by  enlarging  'T- Q  to  a 
larger  class  *7  y.  y  will  have  the  global  majoration  property.  It  will  also 
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have  the  same  functional  completions  as  even  though  it  will  not  be  in 
any  inclusion  relation  with  'J-  . 

We  mention  here  a  useful  theorem  which  is  valid  also  for  more 
general  capacities  than  c^. 

THEOREM  1.  3.  Let  be  a  Cauchy  sequence  in  the  normed 

oo 

functional  class  such  that  ^  il^n+1  ^  °°«  iben  for  every  e  >  0, 

n  =1 

there  exists  a  set  Bc  e  with  Cj(B^ )  <  e  such  that  on  the  se¬ 

quence  {fn(x)}  converges  pointwise  uniformly. 

Let  Z  be  a  normed  functional  class  rel.  and  D  be  a  subset  of 
D  ^  (V.  Denote  by  01(D)  the  class  of  all  the  intersections  of  sets  of  OU  with 
D.  Then  for  every  u  e  the  restriction  u^/q  is  defined  exc.  0?(D)  and  the 
set  of  all  such  restrictions  form  a  linear  functional  class  *Z(D)  rel.  01(D). 
With  the  norm  defined  by  J]u'flDs=inf  [JJuJJ,  u/D  =  u' }  the  class  "Zfp)  is 
not  in  general  a  normed  functional  class  however  (c.f.  [2])  if  ^  is  a  func¬ 
tional  space  rel.  01  then  so  is  ^(D);  moreover,  if  J-  is  complete,  then 
*¥(D)  is  also  complete. 

The  properties  of  functional  spaces  described  above,  with  the  excep¬ 
tion  of  the  strong  majoration  property,  remain  unchanged  if  the  original  norm 
in  a  given  functional  space  is  replaced  by  an  equivalent  norm.  This  fact  will 
be  useful  in  further  considerations. 

We  shall  consistently  denote  by  Ot  q  the  class  of  sets  of  Lebesgue 
measure  0. 

§  2.  Notations  and  BeBsel  kernels. 

The  following  notations  will  be  used  consistently,  x,  y,  s, . . .  will 
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denote  the  points  of  the  n-dimensional  Euclidean  space  Rn,  jx-yj  the 

Euclidean  distance  of  the  points  x,y  ,  jxj  =  jx-0],  £,  rj,  . . .  points  of  the 

dual  space,  (£,x)  the  inner  product  of  the  vectors  £  and  x.  The  symbol  D, 

8i 

for  i  =  [ij,  ....i^}  will  denote  the  operator  ,  Jij  =  i.  f*g 

il‘  ‘ 

A 

will  denote  the  convolution  of  f  and  g,  f  (£)  the  Fourier  transform  of  f. 

For  a  >  0  the  Bessel  kernel  of  order  a,  G^fx  —  y)  =  ,(l*-y|)  ^ 

defined  by  the  formula  (c.f.  [2]) : 


(2.1) 


G<r(M>  =  n JarZ-H -  Kn-a<W>M 


o-n 


*r(J) 


~T~ 


where  K  denotes  the  modified  Bessel  function  of  the  third  kind  of  order  v  . 
v 

The  same  formula  could  be  also  used  for  a  <  0;  the  resulting  function, 

however,  is  not  locally  integrable  around  the  origin  and  cannot  serve  to  define 

an  integral  convolution  operator.  In  some  considerations  it  will  be  convenient 

to  indicate  by  G^  the  Bessel  kernel  of  order  a  on  the  space  Rn ;  thus 

G(n)  =  G  . 
a  a 

The  following  properties  of  the  kernels  G  will  be  needed  in  the  se¬ 


quel  (c.f.  [2]). 


(2.2) 


The  Fourier  transform  of 


aa<e>  = 


is  given  by  the  formula 
_  n 

u»>~2 

(i+U|V“  ' 


The  kernel  G^  is  an  analytic  function  of  x  except  at  x  =  0;  for  x  0, 

G  (x)  is  an  entire  function  of  a.  The  behavior  of  G  is  described  by  the  fol- 
a'1  a 

lowing  formulas  (all  representations  being  valid  uniformly  in  a  for  a  in  any 
fixed  bounded  interval). 


For  JxJ  — 0  : 
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(2.3a) 


r(£j£) 

~  yn/2  , ,  av 


T(5> 


|*ja-tt+o(.jxj<r“n)  if  a  <n-l  . 


For  n  - 1  <  a  <  n,  we  have 

s s  ss 


(2.3b) 


G»  = 


"Srr 


_n  £  a .  ,  n-a 
2  ir  r^sinr 


[ 


1 i„ ia-n 


EseJ 


+  oa) 


The  last  formula  gives,  in  particuh  r, 
(2.3c) 

For  a  >  n,  we  have 

1 


°„w  -  pi +  0<1)i  • 


(2.3d)  G  (x) 


iTZ~ 


j  a-n 

f  » ,  -  -  1  +o<|.|W->> 

r(z-±t£)-!  11  1  |*| 


r/4.-WTU  V  pi  t-TW-U  1 

'rl_z_>  (^r_l 


if  0  <  a  -  \*  S  1 


(2.3e)  Ga(x)  -  w 


2_7_rn/2  T(|) 


K-. 

X 


L  r  *»0 


1 _  r _ 1  <?l*l)*  n  2k1  #  1 1  i.2k  of.  |2k*2.  1  . 

Lk!r(k«-^H)  7(3pT  -I  ^  J  M  °fH>' 


■in- 


for  2k-l  <  a-n  ^  2k+l,  k-integer,  k  >  1. 


Hence,  for  a-n  «  2k  , 

<2-30  W*  - 

ki  H  ) 


y‘  (-l>r(k-r-l)!(^H,2r  + 
r  *0  r! 


Formulas  (2.3a)  -  (2.3f)  actually  give  the  significant  terms  of  the 
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development  of  G^(x)  around  0;  ■  y  differentiation  they  give  the  principal 
part  of  D^G^x)  at  0. 


For  jx  — >-  oo  , 


a-n-1 


(2.4) 


G  (x) 
cr  ' 


n+a-1 


r(f) 


H 


It  follows  that  G^e  L1  f.  •  ill  a  >  0  ;  by  (2.2)  ^ Ga(x)  dx  =  1  . 

Formula  (2.2)  also  implies  the  f  awing  composition  property  of  the  kernel  G 


(2.5) 


G  * 
a 


-  G 


a+fi  ‘ 


Gfl(x)  being  a  function  of  j  J  only,  define  G^(r)  =  G^Oxj)  with 
jxj  =  r.  Then 


(2.6) 


dG  (r) 
a  ' 


n+a-2 

■nr- 


a- n 

K 


r(?) 


n-ar+2 

T~ 


(r)  , 


and  hence  G^(r)  is  a  decreasing  '  action  of  r. 

It  will  be  convenient  to  i;  t  ?duce  on  the  space  Rn  x  Rn  the  measure 
[j.0,  0  <  (3  <  1  defined  by  the  fc  :.,ula 

1 


(2.7) 


^(x.y)  = 


GZn+Z^X~y) 


C(n)^)u2)  +2^(0) 


J— y]n 


dx  dy  , 


where  (see  (2.3)), 
1 2  8' 


n  /m 

w2n+20'~' 


r(/3+5) 


n  7Tn  L  r(n+0) 


and  C(n,|3)  is  defined  by  the  fori  \.a 

n+2 

_  t1**; 


(2.9)  C(n,|3)  = 


r(/3+i)  ro+J)  s  ^ 


-  f  Je12"  -l|  ^ 

J  n  ^ 

R  ,2.1  lI2.~7 

(zn  +  l2'l  ) 


TZJT  dz'  dzn  • 


z'  denotes  the  projection  f  he  point  z  =  (zj,  . . .  ,  zj  on  the  hyper- 


BC' 


'X 


.4 


rsi 

■  i  ^ 


where 
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plane  zn  »  0. 


It  follows  from  the  assymptotic  representations  of  Gft  (c.f.  formulas 
(2.3)  and  (2.4))  that  for  a  >  ,  G^(x)  is  an  jJ*  function.  We  will  need  an 

estimate  for  the  norm  II G  II 

u  °v 

To  obtain  this  estimate  we  integrate  separately  over  the  regions 
Jxj>l  and  Jxj  <1.  We  use  formula  (2.4)  for  JxJ  >1  and  for  Jxj  £.1 
we  estimate:  G  (x)  ^  J<.|x|a~n(l  + Jog  -r— r)  if  -^r  <  a  <  n,  G  (x)  g 

-K,[l  +^— jj(1  _  Jx|a_n)]  for  n  <  a  <  n  +  1  and  Gq(x)  <  K,  for  a  >  n  +  1.  We  get 


(2-10)  1IGJ  p  *  ^ 


for  — .  <  a  <  n 
—  pi  = 


i  i  Ip 

[(o'-n)"^>"A  B(p  +  1,  ~j-)l  for  n<o<n+l 


K 


for  or  >  n  +  1  . 


For  a  >  0,  Gn+a(*)  is  a  continuous  function  on  Rn.  In  some  instancei 

Ak  Gn+a(x) 

we  shall  need  an  estimate  for  the  difference  quotient  -  ,  where 

Mp 

At  denotes  the  k-th  forward  difference  with  initial  point  x.  and  Increment 
tcRn,  k  >  p,  p  <  a.  From  (2.2)  we  have 

Ak „  ,  v  _  ,,  v-nf  ei^,X>(ei^,t)-l)k 

AtGn+a(x)  *  J  -  '  "n't a  dg  ♦ 

Rn  (W-H!2)"2- 

and  hence 

.  .  r  2kJsin^|k 

(2.11)  J_  |Ak  G  .  (x)j  $  (2 rfn  \  - -2— 

'  ItP  1  n+(T  1  *  in  JtJP 


(i+len 


n+p" 

12  rr 


1  (2x)‘n2 k'P  y  - d|  =  f-n2k"P-n_1  ynB(^2-,  5^£)  . 

Rn  ..  .  i  *  i2v“Z” 


(1+Uf) 


1.  X»  will  denote  here  a  constant  (which  may  differ  from  one  formula  to  another) 
depending  only  on  n. 
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§3.  Standard  norm.  Approximate  norms.  Clauses  j£a,P, 


In  this  section  we  shall  define  two  norms  which  arise  in  connec¬ 
tion  with  the  generalization  of  Bessel  potentials  (c.f.  [2]).  For  this  purpose 
we  shall  need  certain  properties  of  covariant  tensors. 

Let  denote  the  linear  space  of  all  covariant  tensors  of  order  i 

i.  e.  of  all  i -linear  complex  valued  forms  A^(v^,  v^.  . . . ,  v^)  defined  on  the 

n-dimensional  vector  space  Rn  (of  contravariant  vectors).  In  every  fixed 

coordinate  system  there  is  a  1-1  correspondence  between  tensors  A^  and 

n^-tuples  of  their  components  given  by  the  formula  A^  (v,, . . . ,  v.)  = 

i  i  1  * 

A^  ,  v}  . . .  vf  ,  where  (v\  ....  vn)  denote  the  components  of  the  vector 
•  •  •  »  1  1  8  s 

v  ,  s  as  1, . . .  ,i  and  summation  from  1  to  n  is  understood  over  the  repeated 
s 

indices. 


Let  2  denote  the  surface  of  the  unit  sphere  in  the  space  Rn,  its 

area,  and  2^  its  i-th  cartesian  power;  let  0^  =  (0^, . . . ,  0^)  denote  an 

arbitrary  point  of  2^  ,  ]0jJ m  1,  j  m  1, . . . ,  n  and  d0^  =  d0^  ...  d0^  the 

i  * 

element  of  volume  of  2  . 

Define  now  for  A^e  ^  and  1  <  p  <  oo  the  standard  norm 


and  the  approximate  norm  (dependent  for  p  ^2  on  the  choice  of  the  system 
of  coordinates) 


(3.1') 


|AwlJ  -  s|a<Y  . 


For  p  *  oo  we  put  as  usual 
supjA^J  . 


l*U)L  "  ■up1aW^j)J  and  JAli)lco  * 

e(i) 
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For  any  A^,  we  de£ine  the  corresponding  standard  and 

approximate  scalar  products: 


(3.2)  (A«>,B«)  =  £  y  AM(e^B«(ew>deM  . 

n  2 

(3.2')  (A^,B^“)  f=  2  A^  BfiJ  . 

i 

Til  w 

Observe  that  by  the  orthogonality  relation  \  0l0^d0  K  — —  6.. 

J  ^  ij 

2 

(where  0  **  (o\ ....  0n)  )  we  get  from  (3.2) 

(3.3)  (A(i),B{i))  =  (A^.B^*)  . 


We  shall  now  deduce  some  inequalities  between  the  normB  ]  j  and  J  ~] 

P  P 

Expanding  A^(0, ., )  in  (3.1)  in  terms  of  components,  using  Htilder 

W  11  ,  S,D^ 

inequality  and  the  fact  that  (  2  J0  p)  is  a  decreasing  function  of  p  we 


get 


s  =1 


(J4)  |A(il|p  S  U  P  <  2 

Ia(,)|p  S  ",/2|AW1p  U  P  i  2 

(for  p  »  2,  |aW|2  =  |Alil12  by  (3.3)). 

On  the  other  hand,  for  every  A^eV^  there  exists  a  B^^eV^  , 

B^  ^  0  and  such  that  (A^,  B^~)  **  jA^"J  Jb^~]  ,  .  Taking  into  account 

P  P 

(3.3),  applying  HUlder  inequality  and  using  (3.4)  we  finally  obtain 


»-'/2|A(i|lp  S  |AW|  <  n^|A«-|  p<  2. 

(3.5) 

»-^'|A«lp<  |A«)|pSn'Vlp.  Pi  3 

Denote  now  for  any  u  e  C^° ,  by  V*u(x),  the  (symmetric)  tensor  of 
all  derivatives  of  order  i  of  u  at  the  point  x,  and  define  for  1  <  p  <  oo 
and  a  >  0,  m  m  [a],  /3  =  a-m,  0  £  |3  <  1,  the  standard  norm  of  u  of 
order  a  , 
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(3.6,  WPp  d- 


m 


If  a  is  an  integer,  0  «  0,  we  omit  in  (3.6)  the  double  integral  (the 
measure  djl^  «0)  , 

m 

i<?  d;f  2<T>i|)1j'j’<“Wi>- 

QeI  i=  0  R 

Similarly,  we  define  for  ue  C^*,  the  approximate  norm  of  order  a  , 

m  i  m  « 

i3-6,)  z,  C[j 

If  a  is  an  integer,  /3  *  0,  the  double  integral  is  to  be  omitted. 

For  p  »  oo  the  norms  are  given  by 

(3.7) 


I  u  I  „  =  max 
'  Osfsm  l 


{t|v'“wL  •  *+?  I^r“l. )  • 

(3-7,)  |u‘1«.“  "  o 5S,  x7yiv<"|t!;p““lco }  • 


When  a  =  m  is  an  integer,  the  norms  are  given  by 


(3.8) 


W 

M 


m,oo 


=  max  ■<  sup 
Oslsm  l  x 


m.oo 


—  max 


l7'“Mico  } 

|  <up|v'u(x)  ]m|. 


O^i-sm 

Clearly.  l^|0>oo  =  lul0lco  “  U^co  * 

We  shall  denote  by  r£a>^,  a  >  0,  1  <  p  1  oo  the  class  of  all  functions 

ucC®  with  the  standard  norm  ]uJop. 

For  p  =  2,  it  is  easy  to  verify  (using  (3.4))  that  both  of  the  norms 
J  J  ^  and  J  ~\a  2  are  eclua^  an<l  coincide  with  the  standard  norm  in  the 
space  P°  of  Bessel  potentials.  The  norm  J  JQ  is  continuous  in  a;  it  will 
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be  proved  in  the  sequel  that  so  is  the  standard  norm  |  .  The  latter 

is  one  of  the  main  reasons  for  introducing  the  standard  norm  (the  other 
being  the  independence  of  the  choice  of  a  coordinate  system).  For  techni¬ 
cal  reasons,  however,  in  most  of  the  considerations  we  shall  use  the  ap¬ 
proximate  norm  j  "]^  ,  this  being  justified  by  the  following  inequalities 

which  are  immediate  consequences  of  (3.5): 


(3.9) 


f  "ny2l"\.P  =  M..p 

»nyp'l“U  s  K,P  s a*  p  a  ^ 


We  shall  now  describe  some  properties  of  the  classes  •?-a’p  which 

follow  directly  from  the  definition.  It  is  easy  to  see  that  ‘?a,CO  is  a 

proper  functional  space  whose  perfect  completion,  in  the  case  when  a  is 

(ixi  0) 

not  an  integer,  is  the  proper  functional  space  of  all  functions  of  C '  ,p' 

which  are  bounded  and  vanish  at  oo  with  all  their  derivatives  of  order  <  m. 
(C(m,£)  denotes  the  class  of  all  functions  in  Cm  satisfying  together  with 
all  derivatives  up  to  order  m  uniform  Hblder  condition  with  exponent  /3.) 
This  space  will  be  denoted  by  Pa,O0<. 

For  a  integer,  Pa,0O<is  the  space  of  all  the  functions  u  of  C° 
vanishing  at  oo  together  with  all  derivatives  of  order  £  a. 

/y  n 

For  1  <  p  <  oo,  ?  is  a  proper  normed  functional  class,  but  when 
a  <np  ,  it  is  not  a  proper  functional  space;  it  is,  however,  a  normed 
(incomplete)  functional  space  rel.  Ct-Q  . 


I 
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§4.  Classes  IS)  ^*p,k  . 

We  shall  define  in  this  section  the  normed  functional  classes  "/2>a’P 
which,  by  completion,  will  lead  to  the  spaces  Ba'P  mentioned  in  the  Intro¬ 
duction. 


We  shall  denote  by  A{  the  difference  operator  Atu(x)  =  u(x+t)— u(x), 
and  by  ^  its  k-th  power:  =  At^“*  . 

Define  for  ue  C^°,  k  >  0  an  integer,  0  <  a  <  k  and  1  <  p  <  oo, 

n  r>  ]A^u(x)]P  n  llA^uIlP 

(4.1)  JJuflP  =  jlujjP  +\  \  i-l-i-dxdt  =  UujjP  +  \  i-A  jLP-  dt  , 

1  «.p.k  V  JRn*JRn  |tln+P"  "  V  JRnM  P" 


and  for  p  =  oo, 
(4.2) 

,a,p,k 


ul  „  .  =  max 

«a,oo,k 


f  ,  .  l^u(x)]  i 

1  sup  | u(x) J ,  sup  -  \ 

l  X  x.t  t  "  J 


Denote  by  P’  the  class  of  all  functions  ue  with  the  norm  jju|l  , 

«  Ct|PfK 


We  shall  first  prove  that  if  k,  k^  >  a,  then  the  norms  J|  R 

and  II  II  u  are  equivalent, 

“  "  OiPjKj 


Lemma  4.1.  Let  k,  k^  be  two  integers, 0  <  a  <  k  £  kj  and 
1  i  P  S  cd,  Then  for  every  ue  C™  . 


7>2k;kr1  it^) 


jk-kx 


S“#„,p,kl  5  K.,*,  ■ 


Proof.  The  first  inequality  follows  immediately  from  the  remark 
that  =  la^-^ulxll  <  V  (k‘Jk)|^u(x+,t)l. 
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To  prove  the  second  inequality  consider  first  the  case  when  k,  =  k+l. 

a 

We  use  the  following  simple  identity. 


(4.3) 


J 


(4.3)  with  N  =  1  applied  to  the  function  A^  Ak"'*-* u(x),  0  <  i  <  k— 1  ,  yields 

7  A2t At‘i pn  A‘*t  AVi"1  ?  -  -pnl  • 

s  =0 

Adding  together  the  above  identities  for  1  *  0, 1, . , . ,  k-1,  and  dividing  both 
sides  of  the  obtained  identity  by  Jt|a  we  get 


Ak+1u(x+  st) 


Atu(x)  l  Ak2tu(x)  =  _  1  y1  y  2-i  i  At  utx* 

-.k-a  ii.iQf  •  “  ?  Z/  Z/  's'  Ul<* 

1  1  =  0  s  =0  m 


l»l“  2k-“  |2.|“  •  ‘  |t|‘ 

Taking  LP  norms  of  both  sides  of  the  last  identity,  with  the  measure 
—  —  we  get,  in  view  of  the  invariance  of  these  norms  under  translations  in 

Jtjn 

x  and  homotetic  transformations  in>  t  (obvious  modification  for  p  =  oo)  : 


Mu^a,p,k  =  2(l-2a'“k)  ^U^ff>P»k+1 
The  result  follows  now  by  induction  if  we  observe  that 


2k"kl  k(k+l)...(k1-l) 

yy(i-2a"i) 

1  =  k 


2k_kl  r(k2) 


7  2k-ki 


(i-2Q-k)  r(k)  jy-(i-2_i)  (i-2a'_k)r(k) 

1=1 


For  p  =  co,  the  class  ie  a  proper  functional  space.  Its 

(perfect)  functional  completion  will  be  denoted  B0’00  .  (By  Lemma  4.1, 
B^co^is  independent  of  k. )  It  can  be  proved  that  Ba,CD<is  the  proper  func¬ 
tional  space  of  all  functions  u  vanishing  at  oo  together  with  all  derivativer 

of  order  <a  and  satisfying  the  following  properties: 
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If  a  is  not  an  integer,  a  «  m+j3,  m  s=  [a],  then  u  is  uniformly 


8u 


am 
8  u 


bounded  together  with  the  derivatives  , . . . ,  — in  any  fixed  direction 

901°'] 

0.  Moreover,  the  function  of  one  variable  s,  — — satisfies  Httlder 

8  em 

condition  with  exponent  /3  uniformly  with  respect  to  x,  0. 


If  a  is  an  integer  a  »  m,  then  u, 


8u 

w 


80 
.m-1 


8m“^u 

— —  are  uniformly 


bounded  for  all  directions  0,  Moreover,  cp(s)  =  - - _(*f  B^)  as  a  function 

*  86ml 

|A^.q)(s)j 

of  the  single  variable  s  satisfies  - 1 — I -  <  M  uniformly  with  respect  to 


x,  0,  s  and  t. 


Tl 


Observe  that  for  1  <  p  <  co,  12>a’P  is  a  proper  normed  functional 
class  and  a  functional  space  rel.  Oi  q. 
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Chapter  II.  Imperfect  completions  of  and 

§  5.  Some  properties  of  distributions  and  representation  formulas. 

We  will  use  the  theory  of  distributions  for  two  purposes:  first,  to 
define  in  the  quickest  way  imperfect  completions  of  the  spaces  "7 
and  P’kr el.  0t  g  {sets  of  Lebesgue  measure  0),  and  secondly,  to  establish 

different  representation  formulas  (such  as  inversion  formulas,  reproducing 
formulas,  etc.)  which  will  serve  as  the  main  tools  in  our  investigations. 

The  easist  way  to  obtain  these  formulas  is  to  write  them  for  tempered  dis¬ 
tributions  in  terms  of  their  Fourier  transforms;  they  are  obtained  then  by 
standard  integration  techniques.  Then,  by  applying  the  inverse  Fourier 
transforms  we  obtain  the  desired  formulas  in  the  form  of  "integral  trans¬ 
forms".  It  remains  to  be  shown  that  when  the  distribution  is  a  function  of 
some  class,  its  integral  transform  is  also  a  function  of  a  corresponding  class, 
and  that  this  transform  is  given  by  the  usual  Lebesgue  integration,  or,  in 
some  cases,  by  singular  integrals. 

Unless  otherwise  stated,  all  distributions  will  be  tempered  distribu¬ 
tions.  ** 

We  start  by  a  brief  review  of  some  facts  in  the  theory  of  distributions 
relevant  to  our  considerations;  for  details  we  refer  the  reader  to  the  mono¬ 
graph  by  L.  Schwartz  [13]. 

As  usual,  <5  denotes  the  Frechet  space  of  C00  functions  of  rapid  de¬ 
crease,  and  £>'  the  class  of  tempered  distributions,  i.  e.  linear  function¬ 
als  on  ^  bounded  relative  to  one  of  the  norms, 

1.  Our  considerations  are  still  valid  for  more  general  classes  of  distributions, 
but  the  greater  generality  will  not  be  needed  in  the  present  paper. 
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(5.1)  M<m,k)  =  *UP (2  +  J*J2)k  |D±«p|x)J  • 

{if<m 

The  value  of  a  distribution  u  for  <pe  S  will  be  marked  as  u(cp),  or 
y  u(x)  <p(x)  dx. 

For  1  <  p  <  oo,  u  is  a  function  in  L^(Rn)  if  and  only  if  Ju((p)j  < 

,  ,  where  l/p  +  l/p'  =  1.  For  p  =  1,  this  property  would  only  estab¬ 


lish  that  u  is  a  Borel  measure  of  finite  absolute  measure.  In  order  to 
characterize  u  as  a  function  in  L*,  the  condition  should  take  the  form  u(<p)  < 
6(  JK I )  U  cpU  where  K  is  the  closed  support  of  cp,  | K J  the  Lebesgue  meas- 

L°o  ‘  * 

ure  of  K,  and  6(t)  is  a  non-negative  increasing  and  bounded  function  of 

t  >  0,  such  that  lim  6(t)  —  0. 

“  t\0 

1c 

We  introduce  as  usual  the  derivatives  D^u,  the  differences  A^u, 

and  the  Fourier  transforms  u  of  a  distribution  u. 

In  order  to  avoid  any  possible  misunderstanding,  we  shall  make  the 

following  conventions  concerning  differences.  We  shall  consider  only  forward 

differences.  The  symbol  A  will  denote  the  difference  of  order  k  with 

1 1  a  »x 

increment  t  and  initial  point  a,  taken  with  respect  to  a  variable  x.  In  the 
case  when  a  function  proceeded  by  the  symbol  A  ,  depends  on  several 
variables,  then  in  the  operation  of  taking  the  difference,  all  variables  other 
than  x  are  treated  as  parameters.  For  example,  A^.  a>x(u(x, x-y)t)  ** 
u(a+t,  a+t-y,  t)  -u(a,a-y,  t).  We  will  use  the  following  abbreviations  systema¬ 
tically.  If  f  is  a  function  of  a  single  variable  x  (where  there  is  no  doubt  as  to 
the  variable  with  respect  to  which  the  difference  is  taken)  we  will  write 

s  =<.£- 


Ak  see; 

t,x;x  t;x 


We  will  also  write 
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if  the  difference  is  applied  to  a  function  of  several  variables,  and 

4  ,.,<(*>  -  4e 


if  ;f  is  a  function  of  a  single  variable  x. 


Concerning  mixed  differences,  we  mention  only  the  following  evident 
relations 

Ak  Akl  =  Akl  Ak 

t,a;x  t1,a1;x1  tj.ajiXj  t,a;x 


if  k,  t,  a,  and  x  are  independent  of  x^,  and  kj,  t^, 
of  x; 


Ak  .kj  il. 

A,  A/  =  A,  A. 


>ki  = 


t,x;x  tj.xjx 


t;x  t,;x 


a^,  and  x^ 


Akl  Ak 
tjix  t;x 


are  independent 


if  k,  t,  k^,  and  are  independent  of  x. 

A  function  f  in  C°°  is  of  slow  increase  if  there  exists  a  sequence  of 
integers  k^  such  that  (1  +  Jx]^)~k^D^f  is  bounded  for  every  derivative  . 
Such  functions  are  multipliers  on  S  i. e.  ,  ftpe  £>  if  cp eS  .  Therefore  the 
product  f(x)u(x)  is  again  a  tempered  distribution  defined  by  (fu)(cp)  =u(fcp). 

A  multiplication  operator  by  a  function  fe  C°°  of  slow  increase  is  a 
special  case  of  a  linear  operator  T  :  S  — ►'S  continuous  in  the  topology  of  S, 
i.  e.  such  that  for  every  norm  JJ  Jj^m  there  exists  another  norm  ]|  JJm, 
such  that  ]] Xcp JJ rrj  ^  £  Cjjtp]|mi  with  C  independent  of  cp  but  depending 
on  m,  k . 

The  Fourier  transform  of  u(x)eS  will  be  denoted  ^u  =  u{£),  It  is 
a  continuous  isomorphism  of  S  in  variable  x  onto  S  in  variable  £. 

If  a  distribution  u  is  a  function  of  C00  of  slow  increase  then  its 
Fourier  transform  is  called  a  distribution  of  rapid  decrease. 


It  follows  that  the  convolution  of  a  tempered  distribution  u  with  a 
distribution  v  of  rapid  decrease,  u*v,  is  a  well  defined  tempered  distribution 
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and  we  have 

(5.2) 

(u  *  v)A  =  (2jr)n^uv  .  U 

We  have  further 

(5.3) 

(D  u)A  =(i|)Jd  =  (it  )(i£  )  ...  a , 

J  Jj  J2 

(5.4) 

(A*u(x))A  =  (ei{e’t)-l)k{\(£)  , 

(5.5) 

(Ga(x))A  =  (2ff)-n^(l+j£j2)-^  ,  a>  0, 

(5.6) 

DjGa(x))A  =  (2jrrn^(ie)j(i+j4j2)'a/&,  «  >  0 

It  should  be  noted  that  D.(G  (x))  is  a  function  belonging  to  for 
JjJ  <  a.  For  JjJ  >  a,  it  should  not  be  considered  as  a  function  but  as  a 
distribution  --  even  though  for  x  ^  0,  the  derivative  in  the  usual  sense  exists 
and  is  an  analytic  function  decreasing  exponentially  at  infinity.  We  denote 
this  analytic  function  by  D'jGa(x).  It  will  be  used  only  for  JjJ  ~  a.  In  this 
case  the  distribution  derivative  D.G  (x)  for  9c  <£f  can  be  written  in  terms 
of  a  singular  integral: 


(5.7)  yD.Gjjj(x)<p(x)dx  ss  AjCp(O)  +  lim  J  DjGj  jj  (x)cp(x)  dx  , 

€  °  ]*!>* 

where  A.  is  a  constant  determined  as  follows.  Denote  by  j.  k=  l,,..,n, 
J  Ik) 

the  number  of  differentiations  with  respect  to  x^  in  Dj  ;  thus  JjJ  m 
j^j  +  . . .  Then  we  have 


A ,  •— 


0  if  at  least  one  of  the  j^j  is  odd, 


(5.7') 


j(1)+i 


j(n)+1 


_  2(-i)ljl/2  r(~^~2  )  •  •  •  r(ly-) 

u-  - 


r('-^hU) 


all  the  j are  even. 


1.  Since  we  use  the  traditional  definition  of  Fourier  transforms,  we  have  (2jr) 
as  constant  in  the  formula  --  which  does  not  appear  with  the  conventions  used 
by  L.  Schwartz  [13  ]. 
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Let  be  a  linear  operator  :  S  — *-  S  depending  on  a  parameter  t 

varying  over  some  measure  space  Cf.  We  assume  that  is  continuous  in 
S  for  almost  every  tc  7  .  Then  for  almost  every  te  7*  the  operator 


(5.8) 


(TfuHcp)  =  u(T  cp) 
def 


is  well  defined  and  T*  :  S' — <£>'•  Under  the  Fourier  transform,  T.  and  T* 

t  t  t 

give  rise  to  the  operators 


Tt  = 


-1 


(5.9) 

and  for  every  <pe  5  and  ue  «£> ' 

(5.10) 

We  will  deal  with  operators  of  the  form 

(5.11)  Tcp  «  Ttcpdt 


“  7Tt  ^ 


-1 


(Tt9)A  =  Tt$ 


(T*u)A  »Tju  . 


cpe  .£>  , 


dt 


ue  «5 


and  correspondingly 

(5.12)  T*u  a  C  T*u 
the  laBt  expression  being  defined  by 

(5.13)  (T*u)(<p)  «  u(Tcp)  . 

The  following  assumptions  will  be  made 

(A)  For  every  cpe  the  integral  ^  Ttcp(x)  dt  exists  as  a  Lebesgue 
integral  for  every  x  and  represents  a  function  of  .  Moreover,  the  opera- 
tor  (5.11)  defined  by  the  formula  (Tcp)(x)  =  \  Ttcp(x)dt  is  continuous  on  <5  . 

(B)  For  every  cpe  <5  the  integral  \  jT/p(x)jdt  exists  for  almost  all 

-  - - — ^  t  - 

x  and  as  a  function  of  x  belongs  to  L  (R  )  fl  L  (R  ). 

By  virtue  of  hypotheses  (A)  and  (B)  we  have  the  formula 


(5.14) 


A  A  f  A  A 

T  q>(£)  =  \  Ttcp(|)  dt  ,  for  every  <pc  O 
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The  following  statement  holds. 

THEOREM  5. 1.  Let  ue  L^  for  some  1  <L  p  <  oo  and  assume  that 
T*ue<3'  satisfies  the  following  conditions: 

(5.15)  T*u  is  a  function  for  almost  every  t 

(5.16)  ^  jT*u(x)|  dt  exists  in  Lebesgue  sense  for  almost  every  x 

3”  and  as  function  of  x  is  locally  integrable. 

Then  T*u  as  defined  by  (5.13)  is  a  function  and 

(5.17)  T*u(x)  =  y  T*u(x)  dt 
almost  everywhere. 

By  our  assumption  T*u(x)dt  is  a  function  and  the  only  thing  to 
prove  is  that  it  is  equal  to  T*u.  as  defined  by  (5.13).  In  fact  if  <pe  C™,  then 
in  view  of  (B),  (5.16)  and  Fubini's  theorem, 


y  ( ^ Tt*u(x)  dt)  cp(x)  dx  as  y  |~J  u(x)  Ttq>(x)  dx  dt  =  T*  u(<p)  . 


R  T 


J  R 


We  shall  now  proceed  according  to  the  following  scheme.  In  terms  of 

Fourier  transforms  we  will  write  identities  which  can  be  proved  by  standard 

a  r A  A 

methods  in  the  form  T  =  \  Tt  dt.  Tt  will  be  multiplication  operators  by  func- 

oo  A 

tions  of  C  of  slow  increase  and  the  same  will  be  true  of  T.  The  same  func- 

A  A 

tions  will  give  us  the  operators  T^  and  T*  acting  on  <S  '.  We  will  then  know 
explicitly  the  operators  T*  and  T*  as  convolution  operators;  in  most  cases 
T*  will  be  a  convolution  with  a  function  of  rapid  decrease,  at  worst  it  will  be 
a  singular  integral  convolution  operator.  In  every  case  the  verification  of 
conditions  (A)  and  (B)  will  be  immediate.  The  verification  of  assumptions 
(5.15)  and  (5.16)  of  our  theorem  will  obviously  depend  on  the  function  u  and 
we  will  have  to  rely  on  results  of  forthcoming  sections  on  integral  transforma¬ 
tions  and  inequalities  to  check  on  the  validity  of  these  assumptions  for  u 


belonging  to  different  classes  of  functions  in  which  we  are  interested. 

The  formulas  we  list  below  are  valid  under  the  tacit  assumption 
that  (5.15)  and  (5.16)  hold. 


The  variables  t,  £  are  n-dimensional  vectors,  tg  is  real,  k  is  a 
positive  integer,  0  <  fi  <  k.  Consider  the  expression 

r°  r  |eito+i(t,£)_1|2k 

{5*18)  Vn,/^  "  J  J  dt  dt0 


■“R  fro2+j*prr 


“I  U-jT+i'  dt0  I  - dnil|2g 

-oo  1*01  Rn„.,  .2V~7 


V 


=  (-1) 


k+1 


(1+|  tf) 

C(n+l^)A^_k;sjsj^(l+j£|V  . 


On  the  other  hand 
oo 


(tg+jtj2)  2 


-oo  R 


oo 

-n  ^ 


Z  ( k.  )( k  )  e1^  "ii)t°(elt0-1)k-i  (e‘it°-l)k"il(ei(t' ^-1)*  (e"i(t|  1 )ii 


-oo  R* 


n+l+Zft 

(*o+l'l2)  ' 


dt. 


“I  1  (i)(ik1)(-1)k"il(Au"iil1  i2*  Gn+l+28) 

Rni,i^O  Jtj,(f-k)jtj  n+1+2^ 


(ei(t»6).i)i(e“i(t«6Li)il  ^ 

— iip* —  • 


The  last  expression  is  obtained  by  integration  with  respect  to  tg.  (For 
a  similar  reasoning,  see  [  2  ]. ) 


Changing  the  kernel 


G(U 

n+1+28 


to  an  n-dimensional  kernel,  we  obtain 


finally 
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(5-19> 1  1  ° 
Rn  K  i,lf=0  1 


v(e1tt,^-i/(e~i(t»S)-i^ 

2n+p  Hijwp? 


dt  , 


where 

(5.20) 


k+1 

<yn.fi>  =  b^-G2nt2@(0>C(«,«A^k.J.|^  . 


Of  the  three  factor6  depending  on  /3  in  (5.20),  the  first  is  a  positive 
decreasing  function  of  (3  for  all  £  >  0.  The  second  has  simple  poles  for  in¬ 
tegers  $  >  0  and  no  zeros  on  the  positive  /3-axis,  The  third  is  an  entire  func¬ 
tion  and  has  only  simple  zeros  on  the  interval  0  <  /3  <  k  at  integers  ]3,  0  <  /3 
<  k.  The  resulting  product  is  therefore,  for  0  <  /3  <  k,  a  strictly 

positive  analytic  function  with  simple  poles  at  0  and  k. 

If  we  consider  the  integrand  in  (5.19)  as  an  operator  of  multiplication 
A  A 

Tj.,  thus  T  =  1,  we  obtain  by  inverse  Fourier  transform  the  reproducing 


formula 


A2k-i-ii  ^ 

/  a  l.Vi.  Go 


<5-a>  u“yb)£  I  2v;v*(al. u)dt 

Multiplication  of  both  sides  of  the  identity  (5.19)  by  (l  +  l2)0^2, 

0  <  a  0,  leads  to  an  inversion  formula  for  the  operator  G^.  We  denote  the 
inverse  operator  of  Gff  by  G  ff,  and  we  get 


(5.22)  G_au  * 
k 


raini,i4oi  V  r  ~Tr* 


2n+2/3 


*  (A^u)  dt  . 

Especially  simple  and  interesting  is  the  case  when  k"  1.  Then  for 


0  <  $  <  1 : 
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(5  *  1  -  1  f  1  f  °2n+20^  (ei(t*€)-l)(e'1{t'6)-l) 

1  1  (HlpF  inlTF*"  "1hT]¥ - 


which  can  be  transformed  into  the  reproducing  formula 

G2nA5fl^ 

*2n+2^U*  ^n  jtf 

Formula  (5.  24)  can  also  be  written  in  the  form 


(5.24)  u  -  G20  *  u  +  C(n>P)G12n+20(O)  f  (A-tG20>  *  (Atu)  dt  * 


(5.25)  uW=G,*uW^^0 


Rn  Rn 


[G?ft(z-x)-G?fi(z-y)][u(x)-u(y)] 

7P - ^(x.y). 


The  corresponding  inversion  formula  for  0  <  a  ^  ]3  <  1  is 


nl  [G?o  (z-x)-G-jQ  (z-y)lfu(x) -u(y)l 

^ - — - — — pp - ^(x.y) 


Rn  K1 


m 


Multiplying  (5.23)  by  1=  ■  -  t  S  Q  S  ( -1)^ (i^) j (i&) J  , 

(1+Jej  )m  i=  0  i  l)j=i 

where  m  is  an  integer,  m  >  0  and  transforming  the  result  we  get,  with 

a  =  m  +  0 

m  r 

(5.27)  u(z)  m  £(“)  W  J  Djx)G2a(z-x)DjU(x)  dx  + 

i-0  jj|  =f  (_  Rn 

r  f  Mx)G2(z-x)-D|y)G2  (z-y)][D.u(x)-D.u(y)] 

+  It1 - \±f*& - 1 - 


Rn  K 


and  the  corresponding  inversion  formula  for  y  <  a  =  m+0, 

m  f 

(5.28)  7  |  I  Df  G^-IDjuW  d*  ♦ 

#-»  |iP  i  (  rf* 
f  r  K1  ’  °2,-v<I-x>-DSy)  G2<,.J»-y))[DjuW-D.u(y)J  1 

+)j  /■■■  ■"  :'  |4i^  - - J — V- 

R?1  H* 
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At  the  end  we  include  the  case  when  a  =  m  is  an  integer.  From 
the  identity  1  =  - p  *  m  £  (T) ,  ?  (-1)^(1^  (i^)1^  mentioned  before 

(1+UJ  )  if 0  1  jjj=i 

we  then  get  the  following  reproducing  formula 

m 

(5.29)  u(z)=£(“)  £  j*  I^x)G2m(z-x)D  u(x)dx, 

i  =0  |jj=i  Rn 

and  the  corresponding  inversion  formula 

m 

(5.30)  G_mu(z)  “  X  (™)  )  J DjX^  Gm(a-x)  D.u(x)  di  . 

<=0  l)P=i 

In  the  last  formula  the  integrals  corresponding  to  the  values  JjJ  —  m  are 
understood  as  singular  integrals  as  explained  by  formula  (5.7). 

§6.  Regular  and  singular  integral  transformations. 

The  purpose  of  this  section  is  to  introduce  a  terminology  concerning 
integral  transformations  which  will  be  used  throughout  this  paper. 

Let  {x.p.}  ,  [y,v]  be  measure  spaces;  denote  LP(X)  s=  LP(X,|i)  , 
LP(Y)  s=  Lp(Y,v).  *  u  and  v  will  generically  denote  measurable  functions 
in  X  and  Y  respectively.  Let  K(x,y)  be  a  complex  valued  function  defined 
on  X  x  Y  measurable  in  X  x  Y.  K(x,y)  gives  rise  to  a  formal  integral 
transformation  defined  by  the  formula 

(6.1)  v(y)  =  Ku(y)  =  J  K(x,y)  u(x)  d(i(x)  . 

X 

It  is  defined  for  all  u  for  which  the  integral  (6.1)  exists  in  Lebesgue  sense 
and  is  finite  for  almost  all  y.  Denote  by;0^  the  set  of  all  such  u.  We  say 
that  for  the  formal  integral  transformation  K  is  properly  defined. 


1.  All  measures  will  be  assumed  to  be  cr-finite. 
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An  integral  transformation  K  (or  kernel  K(x,y) )  is  p-semi-regu- 
lar  (p-s.  r.)  if  the  subspace  6)^  0  LP(X)  is  dense  in  LP(X)  and  is  trans¬ 
formed  boundedly  into  LP(Y),  i.  e.  that  there  is  a  constant  Mp  -  the  p- 
bound  of  K  -  such  that  IlKuJI  <  M  llull  . 

*  V(Y)=  P"  V(X) 


A  p-s.  r.  operator  K  can  be  extended  by  continuity  to  a  unique 
bounded  transformation  Kp  on  the  whole  of  LP(X),  Kp(Lp(X))  C  LP(Y). 
K  will  be  called  the  p- extension  of  K. 

p  r - 

The  transformation  (or  kernel)  is  p-regular  (p-r.)  if  Lp(X)C,9k 
and  K(LP(X))C  LiP(Y).  For  p-regularity  of  K  it  is  necessary  and  suffi¬ 
cient  that 


(6.2)  f)  (  y  K(x,y)  u(x)  d|jL(x)^  v(y)  dv(y)  1  Cjjujj  p|Jv|| 


L+K=l 

P  P1 


for  any  ueLP(X),  ve  LP  (Y),  the  integrals  being  taken  in  the  indicated 
order,  C  being  a  constant  independent  of  u  and  v.  The  smallest  such 
constant  C  is  =  Mp.  p-regularity  implies  p-seml-regularity.  K  is  p- 
absolutely-regular  (p.  ab.  r.)  if  |K(x,y)]  is  regular.  This  is  equivalent 
to  the  property 


(6.3) 


K(x,y)u(x)  v(y)d^(x)dv(y)  £  Mpjju|]  p|)v||  , 

XxY  ILL 


for  any  ue  LP(X),  veLp(Y).  Obviously,  absolute  regularity  implies  regu¬ 
larity.  On  the  other  hand,  for  non-negative  kernels,  p-absolute  regularity 
is  equivalent  to  p-semi-regularity. 

Ifakernel  K  is  p-s.r.  or  p-ab.  r.  for  all  p,  1  <  p  <  ao,  we  call  it 
semiregular,  regular,  or  absolutely  regular  ,  respectively. 


We  have  the  following  theorem. 
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THEOREM  6.1.  If  the  transformation  J  K(x,y)u(x)dp(x)  is  p-ab. r. 


then  the  adjoint  transformation 


^K(x,y)v 


(y)dv(y)  is  p'-ab.  r.  . 


The  proof  is  immediate  by  (6.3). 


THEOREM  6.  2.  Let  K  be  a  p-ab,  r.  transformation  of  Lp(X,dp.) 
into  Lp(Y,dv)  and  M  be  the  p-bound  of  ]K(x,y)j.  Consider,  moreover, 
the  measures  dp.^(x)  =  <p(x)d^(x)  and  dv^(y)  =  >JJ(y)dv(y)  where  and  ip 
are  measurable  non-negative  functions  on  X  and  Y  respectively,  satisfy¬ 
ing  cp(x)  <  A  and  i)j(y)  <  B.  Then  K  is  p-ab.  r.  from  LP(X,dp.j)  to_ 
LP(Y,dvj)  with  bound  not  exceeding  M  A1*'  BH 


Proof.  Observe  that  for  u^e  Lp(X,dp.^),  v^eLp  (Y.dv^)  we  have 

and  1^,1^  =  W.P', 


II^Sl  p  -  HI  p, 

1  LP(X,dp.)  LP(X,d|i.. ) 


^(Y.dvj) 


Hence  for  u^e  L»p(X,diJtj),  v1eLP(Y,dvj)  we  have 
j*  JjK(x.y)]  JUl(x)j  j  VjtyjJdn^xJdv^y)  = 


XxY 


y  j*|K(x,y)|cp(x)^p  ijj(y)^P]u^(x)j cp(x)^3 j v^xjJ^y)^  d^(x)dv(y) 


XxY 


Vp'  Ri/bi 


<  M  A  ^  B  u 


“111  r>  HVlJI  D' 

LP(X,d^)  LP  (Y.dVj) 


We  are  mainly  interested  in  regular  integral  transforms  since  we 
need  a  pointwise  representation  of  v(y)  by  the  integral  (6.1)  for  all  ueLP(X)» 
There  are  no  known  direct  properties  of  the  kernel  K(x,y)  characterizing 
its  p-regularity.  For  p-ab.  r.  such  properties  are  well  known  in  the  two 
extreme  cases  p  =  1  and  p  =  oo: 


(6.4) 

(6.4') 


K  iB  1-ab,  r.  -4=*>- 
K  is  oo-ab.  r.-*<'  V 


JjK(x,y)jdv(y) 

^|K(x,y)Jdn(x) 


A  =  const.  < 
<  B  =  const.  < 


oo  a.  e.  in  x. 
oo  a.  e.  in  y. 


I 
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For  other  values  of  p  the  next  theorem  gives  sufficient  conditions 
for  p-ab.  r.  .  Quite  recently  these  conditions  were  proved  by  E.  Gagliardo 
to  be  also  necessary. 

THEOREM  6.3.  Let  1  <  p  <  oo  and  assume  that  there  exist  two 
non-negative  measurable  kernels  and  K2  such  that 

(6.5)  lK(x,y)|  £  K1(x,y)1^pK2(x,y)1^p' 


and 


(6.6) 


^ K^(x,y)dv(y)  <  A  a.  e.  dp. 

Y 

K2(x,y)dp.(x)  B  a.  e.  dv  . 


Then  K  is  a  p-ab,  r.  with  bound  not  exceeding  . 

Proof.  For  ue  LP(X)  and  ve  LP  (Y),  by  applying  (6.5),  Httlder  in¬ 
equality  and  (6.6),  we  get 

J  fluW|  |K(x,y)j  Jv(y)|dpi(x)dv(y) 

1  Vp  1  r  r  .  .  .o<  i1^' 


X  Y 
< 


f)  j'|u(x)| PK|(x,y)dp.(x)dv(y)  |  j  jj  ^K2(x,y)  j  v(y)JP  dji(x)dv(y) 


X  Y 


X  Y 


£  A^B^lul  pj|v]|  pl. 


Lp 

Depending  on  the  nature  of  the  kernel  K  there  are  several  methods 
by  which  we  may  find  kernels  and  K-,  that  show  K  to  be  p-ab.  r.  .  We 
describe  two  of  these  methods  which  will  be  used  in  the  sequel. 

METHOD  1.  We  find  two  measurable  functions  cp(x)  and  i)j(y),  a.  e. 
positive  and  finite,  and  put 

(6,7)  K^x.y)  =  |K(x,y)j4(y)/<p(x)P'k',  K2(x,y)  =  lK(x,y)J<p(x)/+(y)p/p  . 

The  functions  <p(x)  and  t)i(y)  will  be  called  factors.  (6.6)  now  translates 
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into  the  following  conditions  for  the  factors: 


(6.8) 


y |  K(x,y)Ji|i(y)dv(Y)  £  A<p(x)P^  ,  jK(x.y)|cp(x)d|x(x)  <  B^(yf/p  . 
Y  X 


Remark  1.  The  result  of  E.  Gagliardo  mentioned  before  states  that 
the  existence  of  factors  cp(x)  and  iJj(x)  satisfying  (6.8)  is  also  necessary  in 
order  that  K  be  p-absolutely  regular.  More  precisely,  it  is  proved  that 
if  K  is  absolutely  regular  and  M  is  the  p-bound  of  ]K(x,y)J  it  is  possible 
to  find  cpe  LP(X)  and  i|je  LP  (Y)  such  that  (6.8)  is  satisfied  with  A  =  B  =  M+e 
for  any  e  >  0. 

METHOD  II.  We  find  a  representation  of  K(x,y)  as  a  composition 
of  two  kernels  $(x,z)  and  i£(z,y)  , 

(6.9)  K(x,y)  =  y  $(x,z)xjf(z,y)du)(z)  , 

Z 

where  Z  is  a  measure  space  with  measure  du  (z).  We  find  further  an  "inner 
factor"  A(z),  0  <  X(z)  <  oo  a.  e.  such  that 


K^x.y)  =  j  ]  $(x,z)|x(z)P|^(z,y)jdu(z)  <  co  a.  e.  in  x,y  , 

(6.10)  Z 

K2(x,y)  =  y  |  $(x,z)]X(zfP  j^(z,y)jdu>(z)  <  oo  a.  e.  in  x,y. 
Z 


Thus  (6.5)  is  satisfied.  The  conditions  (6.6)  now  take  the  form 

J  J  J4>(x,z)jx(z)pj^(z,y)|du(z)dv(y)  <  A  a.  e.  in  x  , 

(6.11)  Y  z 

j$(x,z)Jx(z)"P  j^(z,y)|du(z)dpi(x)  <  B  a.  e.  in  y. 

X  Z 


It  is  possible  to  combine  the  two  methods  as  well  as  to  devise 
others  adapted  to  special  kinds  of  kernels. 
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In  most  cases  we  will  deal  with  p-absolutely  regular  kernels.  In 
a  few  cases,  however,  we  will  meet  with  p-semi-regular  kernels;  it  is 
therefore  of  interest  to  give  some  information  about  them.  We  start  with 
some  general  remarks. 

The  subspace  ,9^  of  measurable  functions  u(x)  for  which  the  inte¬ 
gral  transform  (Ku)(y)  is  properly  defined  has  the  property  that  with  each 
u(x)  it  contains  all  functions  u^(x)  majorated  by  u,  i.  e.  such  that  Ju^(x)J  < 
ju(x)]  a.  e.  . 

By  a  simple  measure-theoretic  argument  one  proves  that  there 
exists  a  measurable  set  X,  unique  up  to  sets  of  measure  0,  which  is 
the  largest  among  all  those  sets  on  which  all  functions  ue#^  vanish  a.e.  . 

If  A  =  X  we  may  say  that  K  is  singular  (such  are,  for  instance,  the  singu¬ 
lar  operators  of  Calderon- Zygmund  type);  in  this  case  <3^,  reduces  to  the 
function  0.  If  p.(X-A)  >  0,  but  also  p.(A)  >  0  we  may  call  K  partly-singu- 
lar;  in  this  case,  if  we  restrict  X  to  A,  the  transformation  becomes  com¬ 
pletely  singular.  Of  interest  here  is  the  case  (i(A)  «  0,  i.  e.  essentially 

1. 

A  =  0;  in  this  case  we  call  K  non- singular.  A  p-semi-regular  kernel  is 
certainly  non-singular. 

The  same  argument  which  leads  to  the  existence  of  the  set  A  shows 
that  for  a  non-singular  K  there  exists  a  sequence  of  measurable  sets  , 
i  =  1,  2, . . .  such  that 

oo 

(6.12)  BiCB.+1CX,  M-(Bi)  <  oo  ,  pl(X-Ub.)  =  0, 

the  characteristic  function  of  each  B^ 

A  simple  function  is  a  measurable  function  taking  only  a  finite  number 

of  values  and  vanishing  outside  of  a  set  of  finite  measure.  For  every  func-  | 

i 

tion  u(x),  measurable  and  finite  a.e.  a  classical  standard  procedure  allows 


belongs  to  U^, 


1.  The  same  terminology  is  used  in  [21]  in  a  different  meaning. 
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to  construct  a  sequence  of  simple  functions  Uj(x)  such  that  lim  u4(x)  *=  u(x) 


T 


and  )uj(x)j  <  ju(x)j  a.  e. .  These  functions  can  be  chosen  so  that  each  Uj(x) 

vanishes  outside  some  B^,  and  hence  so  that  each  Ujcd^.  In  addition,  if 

ueLp(X)  for  some  p  <  oo,  then  limjlu-u.jl  =  0. 

J  «Lp 

Denote  by  ,9^  the  class  of  all  simple  functions  in  The  last  re¬ 

mark  leads  to  the  following  statements. 


THEOREM  6.  4.  A  non- singular  K  is  p-aemi-regular  for  p  <  oo  if 

and  only  if  K($'v)  C  LP(Y)  and  ]|Ku]|  <  M||ul|  for  ue3i,.  K  is 

-  K  -  LP(Y)~  LP(X)  —  K  — 

p- regular  if  in  addition,  Lp(X)C^j^* 

In  fact,  the  above  remark  shows  that  0^  (3  <3^,  O  JLP(X)  is  dense  in 
JLP(X)  and  the  continuous  extension  of  K  from  0^  to  LP(X)  coincides  with 
K  on  ,9k  O  LP(X)  since  (Kuj)(y)  converges  by  dominated  convergence  to 
(Ku)(y)  for  every  Y  where  ^jKtx.y)]  ]u(x)]dpi(x)  <  oo. 

THEOREM  6.4*.  A  non- singular  K  la  oo- semi-regular  if  and  only  if 

the  characteristic  function  \  of_X  belongs  to  <3^,  K(9^)  C  L°°(Y)  and 

II  Hull  <  Mllull  for  ueJ3{,.  The  oo-regularity  is  equivalent  to 

L°°(Y)  =  JLP(X) -  K  - 6 - 2 - 3 - 

oo-seml-regularity. 


In  fact,  if  L°°(X)  D  is  dense  in  L,00^),  there  must  be  a  uoc^k 

with  jj  X~ug  J)  Q3  <  2'  k®nce  } uq{x)J  >  2a,e*  an<*  On  the  other 

L  (X) 

hand  X  implies  Lot(X)C-9j^  (hence  the  last  part  of  the  theorem)  and 
the  boundedness  of  K  on  L°°(X)  follows  by  dominated  convergence: 

(Kuj)(y)  ->  (Ku)(y)  a.  e.  in  y,  j(Kuj)(y)Jl  Msupju^x))  <Msup]u(x)|  , 

hence  supJ(Ku)(y)j  £  M  sup]u(x)J. 
y  x 
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Remark  2.  In  Theorems  6.4  and  6.4',  the  class  ,0^  can  b®  replaced 

by  other  subspaces  of  0^  0  LP(X)  as  long  as  for  each  Pi  LP(X)  they 

contain  a  sequence  Uj  converging  pointwise  a.  e.  to  u,  are  dominated  by 

some  u'e^j,,  and  such  that  |lu.]|  <  c,  c  depending  on  u  but  not  on  j. 

J  LP(X)  *" 

For  instance,  we  may  take  the  class  of  simple  functions  vanishing  outside 
of  some  of  the  sets  B.  (i  varying  with  the  function).  Another  instance  of 
such  a  change  may  be  of  interest  if  X  and  Y  are  euclidean  spaces  where 
we  would  like  to  replace  simple  functions  by  C^°- functions.  This  is  possible 
if  the  sets  can  be  chosen  to  be  open. 

We  turn  now  to  interpolation  theorems  -  the  Riesz-Thorin  convexity 
theorem  [20]. 

Let  1  1  Pj  1  co,  1  1  p2  1  °o,  0  £  0  1  1,  1/q q  -  (1— @)/p^  +  0/p2  , 
so  that  =  qQ,  p2  *=  qr 

THEOREM  6.5.  Let  K  be  non- singular.  If  K  is  p^- semi-regular 

(or  p^-r. ,  or  p^ -ab.  -r. )  for  i  =1,2,  then  K  is  q^-seml-regular  (or  q^-r. , 

or  qQ-ab. -r. )  for  0  <  0  <  1.  The  qn -bound  M  satisfies  M  <Mf"^M^  . 
—  H0  -  -  -  qQ  -  q0=  Px  Pa 

Proof.  l.#  Semi- regularity.  By  Theorems  6.4  and  6.4'  the  question 
reduces  to  the  boundedness  on  the  subBpace  of  simple  functions  0]^  ,  hence 

Thorin's  proof  applies. 

.  q0  ^  P1  p2 

2.  Regularity.  Since  L  °{X)CL  lX)  +  L  (X),  the  result 

follows  from  semi-regularity. 

3. *  Absolute  Regularity.  Use  1*  for  ]K(x,y)]  and  then  the 
fact  that  for  positive  kernels  ab.  -r.  is  equivalent  to  s.  -r. .  If  p^-ab.  -r. 
is  established  by  the  kernels  .  and  K2  ^  satisfying  (6.5)  and  (6.6)  then 
q^-ab.  -r.  can  be  established  in  similar  fashion  by  kernels 
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Ki=Kn'e)qe/PlKue//p2  *  K2=K(211-0)q^K^^p'a  . 

Remark  3.  The  extension  of  the  convexity  theorem,  due  to  E.  M. 
Stein  (see  [15]  and  [16  ]),  to  the  case  when  not  only  the  exponents  of  the 
Lp-classes  but  also  the  measures  p.  and  v  vary  suitably,  leads  to  a  simi¬ 
lar  extension  of  Theorem  6,5.  The  proof  applies  without  changes  if  one 
notices  that  if  K  is  non- singular  rel.  p.  and  v  then  so  is  the  kernel 
qp(x)K(x,y)4i(y)  (cp  and  9  finite  a.  e. )  rel.  to  any  two  measures  p1  and  v1 
equivalent  to  p.  and  v  respectively. 

Remark  4.  The  notions  introduced  in  this  section  could  easily  be 
extended  to  integral  transforms  from  iPfX)  to  L?(Y)  with  q  p  and  even 
(under  suitable  restrictions)  to  transforms  between  two  Banach  spaces  of 
measurable  functions.  However,  there  are  no  known  characterizations  of 
p,q-ab.  -regularity  of  the  kind  as  given  in  Theorem  6.3  or  in  the  first 
method  for  the  case  p  *=  q. 

Remark  5.  The  terminology  we  introduced  above  has  not  been  used 
before.  The  notions,  however  -  without  being  specifically  named  -  were 
investigated  long  ago  in  many  special  cases.  The  distinction  between  semi 
regularity  and  regularity  was  not  so  sharply  drawn.  The  p-absolute  regu¬ 
larity,  especially  the  first  method,  was  very  extensively  used  as  a  tool  to 
establish  regularity  in  many  special  instances  (see  Hardy,  Littlewood, 
Polya  [10],  Ch.  I  X).  The  criterion  of  the  first  method  was  not  put  in  the 
general  form  (6.7),  (6.8),  but  rather  in  a  form  adapted  to  the  special  cases 

As  mentioned  before,  we  deal  with  integral  transforms  in  this  paper 
which  in  most  cases  are  p-ab.  r. ,  or  at  least  p-s.  r.  .  In  a  few  cases,  how 
ever,  we  meet  with  a  special  type  of  singular  integral  operator.  The  per- 
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tinent  theorems  are  special  instances  of  theorems  of  Calderon- Zygmund 
[7). 

We  consider  kernels  of  the  form  DIG  (x-y),  jjj  =  m  (see  §5,  es- 
pecially  between  (5.6)  and  (5.7)).  The  following  statement  holds: 

If  ue  I? (Rn) ,  1  <  p  <  oo,  then  the  limit 
(6.13)  v(y)  =  lim  \  D'.G  (x-y)u(x)  dx 

£X0i-y|>i 

exists  and  is  finite  for  almost  all  y  and  (6.13)  is  a  bounded  transformation 
of  into  Lp\ 

The  statement  does  not  hold  for  p  ss  1  or  p  =  00.  Hence,  whenever  we 
have  to  use  singular  integrals  our  results  will  be  restricted  to  1  <  p  <  00. 

|j7.  The  imperfect  completions  ,  75°’^. 

The  norms  Juj^  p  ,  ju~]^  p,  0  £  0  <  1  introduced  in  §3  have  obvious¬ 
ly  a  meaning  for  any  measurable  function  u  (they  may  be  infinite).  Let 
1<  p  <  00,  0  <a=m  +  f3,  m  =  [a],  0  <  0  <  1. 

We  denote  by  W^  the  class  of  all  functions  ue  L^(Rn)  such  that 
1.  all  the  distribution  derivatives  D.u,  J  j  J  <  m  are  functions, 

2*  JDjul^,P  <  00 •  0  1  lij  i 

It  is  clear  that  for  ue  W**  both  norms  I u I  and  lul  as  given 

p  1  ‘o.p  J  Jo,p  6 

by  formulas  (3.6)  and  (3. 6')  have  a  meaning  and  are  finite.  Also  the  rela¬ 
tions  (3.9)  hold. 

By  standard  arguments,  similar  to  those  in  the  proof  of  completeness 
of  spaces,  one  shows  that  W^  is  a  complete  functional  space  rel. 

(the  class  of  sets  of  Lebesgue  measure  0).  Also  a  standard  argument  by 
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regularization  shows  that  rfa'^  is  dense  in  .  Hence  we  have 

the  following 

THEOREM  7.1.  is  a  functional  completion  of  *7a,P  rel. 


Ot 

For  p  =  go,  we  define  as  the  class  of  all  functions  u  which  together 

with  all  distribution  derivatives  of  order  <a  belong  to  L°°  and,  if  a  is  not  an 
integer,  satisfy  Htilder  conditions  with  exponent  |3.  It  is  clear  that  '-£a,co  is 
contained  but  not  dense  in  W  .  One  shows  immediately  that  each  equivalence 

Ot 

class  of  W  rel.  OL  n  contains  one  and  only  one  function  which  is  continuous 
co  0 

and  bounded  with  all  its  derivatives  of  orders  <a  all  of  these  derivatives  sa¬ 
tisfying  a  uniform  Hblder  condition  with  exponent  or  — a*,  a*  being  the  largest 

v  qo  _  Qr 

integer  <a.  All  such  functions  form  a  proper  functional  space  P  ’  (_  W 

with  the  norm  of  W^.  The  space  P  ’  (the  proper  functional  completion  of 
7°', 00  introduced  in  §3)  is  a  closed  proper  subspace  of  Pa'°°. 


1.  By  regularization  we  obtain  functions  u  converging  to  u  pointwise  almost 

P 

everywhere  and  in  LP-norm  as  p  0.  Since  (Dju)^  =  ^jUp  *or  an^  reSu^ar^" 
zation,  it  is  sufficient  to  prove  the  statement  for  0  <  or  *=  |3  <  1,  Then 


IVb  "V^p  dt* 


L  |P  _  IL  II  p  .  1  f  G2n+2j3(t) 

Vu|@.p  -  “V  u|lLp +  J„  upnr- 

R  * 

G2n+2B^  1 

The  integrand  in  the  latter  expression  is  dominated  by  - n-fZF~  ^Pll^tull 

1*1 


and  for  fixed  t  converges  to  0  with  p  \  0.  Taking  now  a  function  cpe  C^° 
which  is  *=  1  for  jxj  £1,  one  proves  that  for  fe  C°°  with  JfJ^  ^<00, 

]f(x)-cp(px)f(x)J ^  p  — ►  0  as  p'A.O.  Double  integrals  in  approximate  norms 

are  handled  in  a  completely  similar  way  as  in  the  case  of  Bessel  potentials 

in  [3], 


I 
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We  define  now  '12>a,V  as  the  class  of  all  functions  ueL^(Rn)  such  that 
for  some  integer  k  >  a  the  norm 


A^rp 


mp  k  =  iiuf  +  c  ?u,  Lp-dt 

I  ‘a.p.k  n  ULP  Jt|n+pa 


(7.1) 

is  finite. 

The  argument  used  in  §4  to  prove  that  for  two  integers  k,  k^  >  a, 
the  norms  II  .  ,  J  |  ,  are  equivalent  is  still  valid  in  this  more 

general  setting,  with  constants  as  in  Lemma  4.1,  which  justifies  the  omission 

iV 

of  the  index  k  in  the  symbol  750,P. 

Using  again  the  standard  argument,  we  have 

THEOREM  7.  2.  /^t)  tt|P  is  the  functional  completion  rel.  0LQ  of  the 

class  /£*>a,P’k. 

Similarly  as  in  the  case  of  Pa,0°  we  define  the  proper  functional 

space  Ba,a>  of  all  continuous  functions  with  finite  norm  |  |  ,  .  Ex- 

1  ‘a,  p,k 

cept  for  vanishing  at  oo,  the  functions  of  BQ’°°  have  the  same  properties 

. ,  ,  _or,oo< 

as  those  of  B  . 


Let  us  add  the  following  statement.  If  or  <  o'  then  there  is  a  con¬ 
stant  C  independent  of  u  such  that  for  every  u 


(7.2) 


W. 


Cluj  ,  , 

*  ‘ar'.p,* 


'a,p,k  «  '“’J^a'.p.k'  * 

To  prove  (7.2)  we  may  restrict  ourselves  to  the  case  when  k  =  k'. 
Then  the  integral  in  the  norm  luP  ,  can  be  decomposed  into  two  parts: 
integration  over  |t  j  11  and  JtJ  >  1.  The  first  part  is  majorated  by  the 
corresponding  integral  in  luP,  .  ,  the  second  by  a  constant  tiroes  jju||P  . 

m  iP»K 

It  follows  that 

(7.3)  75a,P  D75°'’P  for  a  <  a'  . 


f 
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§8.  Behavior  of  the  standard  norm. 

The  purpose  of  this  section  is  to  describe  the  behavior  of  the  standard 

norm  lul  for  a  fixed  function  u  and  a  varying  between  two  consecutive 
1  *a,p  6 

integers. 

Before  stating  the  main  theorem  of  this  section  we  introduce  the  space 
W,  ™  ,  m  >  0  {m  an  integer)  of  all  functions  of  *  ,  all  of  whose  deriva¬ 

tives  of  order  m  are  signed  Borel  measures  of  finite  absolute  mass.  In 
the  definition  of  the  norm  juJm  ^  (see  (3.6))  the  integral  involving  the  deriva¬ 
tive  of  u  of  order  m  is  to  be  replaced  by 


(8.1) 


where  (j. 


I  I  !dlle(m)MJds(”> 


2m  Rn 


Qm 
9  u 


0 (m)  ~  ' 

We  shall  prove  the  following  theorem: 

THEOREM  8.1.  Let  1  <  p  <  oo  and  m  >  0  be  an  integer, 
i)  If  u€  W™  then  lim  lul  exists,  possibly  =  +  oo. 


m+1  . 

i 


ii)  JI  1  <  p  <  oo,  then  lim  |u]  <  oo  if  and  only  if  ue  WL 

a /  m+1  a,p  p 

if  ue  W™+1  then  lim  lul  **  Ju|  . 

P  -  o^m+1  a‘p  1  Jm+1'p 

iii)  lim  |  u  |  ,  <  co  if  and  only  if  ue  W,  ;  if  ue  W,  then 

af  m+1  a,i  l> 

lim JUJa,l  *  Wm+W 

af  m+1 

iv)  If  1  <  p  <  oo,  and  ue  W  0  ,  >  m,  then  lim  juj  w  Ju| 

*“  p  u  a"*m  a,P  m*P 

v)  lim  )u]  _  <co,  if  and  only  if  ufPn’^,0°  ;  if  ue  pm^'® 

af  m+1  a,GO  ~ 

—  a/mW^"’00* 


46. 


Proof.  It  follows  from  the  definition  of  the  standard  norm  I  I 
-  1  'a,p 

that  it  is  sufficient  to  consider  the  case  when  m  =  0.  Assume  first  that 
1  <  p  <  oo.  For  0  <  0  <  1  the  standard  norm  may  be  written  in  the  form 


’  WIl>  +  [n  “A'UC»  “*  ' 

The  expression  (8,2)  has  a  meaning  (it  may  be  infinite)  for  every  uc  L^. 


f  1 

u(x)-u(y) 

•LI 

|x-yp 

1 


Observe  that  for  0/1  (see  (2.9)) 

<8*3)  -ckv)  — 0 ;  irprcra  - 

Rewrite  now  the  integral  in  (S.2)  for  ucL^.  in  the  form 


2n 

u 

n 


1  f  Gn+20^  I.  A  ,  i|p 

inlP^  "  * V 


(8.4) 


la'ui^dl 


A  simple  computation  yields 
3-1 


,  -1 

P""Jl  p  p  Lp  (|) 

<8-5'  ‘e(u)  &  J  ■ ^35?  “  ctn.vw 


and  by  (8.3) 

(8.6) 


Ig(u> 


0  for  0^1, 


According  to  (8.6),  to  investigate  the  behavior  of  |ui^ip  as  1* 
it  is  sufficient  to  determine  the  behavior  of  I'^(u)  at  0/  1. 


Define  now 
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(8.7) 


V“>  =  CKfflj  11  ^  d. . 

>i-i  |tr+pf) 


Clearly,  I^{u)  is  well  defined  for  all  ueLp;  moreover,  we  have  with 


A  =  min 


J2n+2g 


(t) 


=  min 


qM  (1) 

n+l+20U' 


“  WS*  G2n+2|3<0> 


0</3<  1 


(1) 

n+1+20 


(0) 


(8.8) 


AnI^(u)  1  I£(u)  <  yu) 


and  therefore  I^(u)  is  finite  if  and  only  if  Ijj(u)  is  finite. 


A 


On  the  other  hand,  if  u6  Wp  u  with  0  <  0Q  <  1,  (1— 0Q)p  <  1  (and  con¬ 
sequently  1^  (u)  <  oo)  we  can  write  for  0  >  0Q  , 


,  ,  c(n</y  _  G2n+2|3^0>-  G2n+20^  T  ,  v 

(8.9)  ]yu)-yu)ji  C(nl^.-+--m  ^ 


G2n+20(O)~G2n+20(t) 

]t| 


and  since  (c.f.  (2.10))  ■  .  rt-‘— C.-.- - — -  is  bounded  uniformly  with 

respect  to  t  and  0,  0q  10S.  1>  we  get  ky  (8.3) 

(8.10)  |l^(u)-I^(u)|  0  for  y  1  . 

I^(u)  can  now  be  represented  in  the  form 

1 

(8.11)  yu)  =  J  J  "x+^ny <p(s* e)  d8  dd  • 


where 

(8.12) 


Z  0 

qp(s,0)  = 


As9u 


P 

Lp 


Since  8Aaeu|J  <2^  ujj  we  get 
Lr  -to  L 


(8.13) 

for  every  s. 


<p(s,0)  <  q>(j9)  ** 


1.  The  idea  of  introducing  the  function  cp(s,0)  and  using  the  inequality  (8.13) 
is  due  to  E.  Gagliardo. 
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Rewrite  (8.11)  in  the  form 


CD  2 


¥u)  *  ccttI  (  Z  I  m_i  t+tfitp  ^8>e)  d8j  de 


2  m=0  2 


2  0s 


da  . 


In  view  of  (8.13)  the  sequence  |cp(2  rr,s,j0)j  is  non-decreasing  for 
every  s  and  0,  therefore  applying  summation  by  parts  **  to  the  series 
under  the  sign  of  the  last  integral,  we  get 

(8.14)  I6(u)  = 

H  1  I00 

,,p)  i  V  *’  ]£.„  1 

^  +  cp(s,0)  I-  ds  d0  . 

In  view  of  (8.3)  we  have  „ 


(8.15) 


2  n  1 

P  un  ’  log  2  • 


On  the  other  hand  the  integrand  in  (8.14)  is  an  increasing  function  of 
0,  0  <  |3<  1  and  taking  into  account  (8.10),  i)  follows. 

To  prove  ii),  assume  that  1  <  p  <  oo  and  lim  jujft  <  oo.  Then  in 

1  P'P 

view  of  (8.10)  there  exists  a  positive  constant  M  and  a  set  2^C  ^  °*  P08*" 

tive  measure  such  that 
1  oo 

(8.16)  j*  TRjjriyp -  ^  2(m+1)(1'^pM2"m"l8.e)-?(2"m8,0)] +9(s,e)  .ds  s m  , 

]/Z  8  m=0 

for  all  0e2j^  and  J3  <  1.  Invoking  now  the  definition  of  (8.12)  we  conclude 


1.  More  explicitly  we  use  the  following  version  of  the  Abel  formula:  If 


a  >b  >  0,  f  a  \  -non-decreasing,  2  b^  <  oo 
m  =  m  =  l  ml  0  m 


,  then  2  a_b _  « 

_  m  m 
m=  0 


artsft  +  2  (a  .  ,  -a  )  a  .  with  s  =  2  b  . 
n  n  *  mi  1  rr\f  m+1  m  r 


0  0  h^o'  m+ 1  m'  m+1 


m  l 

i  =»n 
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that  for  almost  every  scp/2,1]  and  0eZM  the  norms  |  |  ^  are 

uniformly  bounded.  By  reflexivity  of  the  space  Lp(Rn)  (1  <  p  <  oo)  there 


exists  an  increasing  sequence  of  positive  integers  m,  and  a  function 
_  _  A,  ~u  k 


u^eL^(R  )  such  that 


“2-mk  s© 

,-m< 

2  a  s 


uft  weakly  in  Lp.  By  a  standard 


reasoning  in  the  theory  of  distributions  we  conclude  that  u^  =  .  Choosing 

0j,  . . . ,  ©ne  as  any  system  of  linearly  independent  vectors,  we  conclude 

that  and  consequently  ueW^  .  Conversely,  if  ueW* 

then  applying  the  Minkowski  inequality  and  Fatou's  lemma,  we  get 
Ag0u 

lim  j] — - — j|  =  Uw||  and  consequently,  taking  into  account  (8.10)  and 

8  -►  0  L  L 

the  fact  that  as  1  the  integral  in  (8.16)  converges  increasingly  to 

log  2  lim  1— -H  p  we  get  lim  Ig(u)  “■  |  f  ll|§lIPpde*  This  com- 

m-*-oo  2  ms  LP  8/1  P  p  Un J  LP 


pletes  the  proof  of  ii). 

To  prove  iii)  we  use  a  similar  reasoning  as  in  the  proof  of  ii). 

Assume  first  that  lim  ]uL  .  <  oo.  As  in  the  proof  of  ii)  we  conclude  that 

8/1 


f  As  0 u 

for  some  sequence  [s  j,  !  \  0  and  0eExx  the  norms  ]| — 2 jj  , 

»  n*  n  ml  s  a 

n  JL 


are  uni¬ 


formly  bounded.  By  the  theorem  about  vague  convergence  of  Borel  signed 
measures  with  absolute  total  mass  finite,  we  can  find  a  subsequence  [s^jC 

As  gU 

|sn|  and  a  measure  d|ig  with  absolute  total  mass  [p.^]  <  lim  inf  jj - — - |J  ^ 

n  L 


such  that 


A.;e“ 


dx  converges  vaguely  to  ctyi^.  Using  again  a  standard 


reasoning  from  the  theory  of  distributions  we  conclude  that  ,  and 

consequently  for  every  0eEj^,  is  a  signed  Borel  measure  with  total 
absolute  mass  finite.  Therefore  ut  . 

Assume  now  that  ue  .  Then,  for  every  0,  J  ©  J  =1, 


1.  See  [10],  Prop.  (203). 


50. 


lim  u(x  L  )~u(x)  =pLg(x),  where  M-o(x)  *8  a  signed  Borel  measure  with 
s—0  8 

total  absolute  mass  finite,  the  limit  being  understood  as  a  vague  limit. 

Introduce  the  system  of  coordinate  axes  such  that  the  x^-axis  coin¬ 
cides  with  0.  Then  dp.g  is  a  Borel  measure  of  the  form  dx'dv^fx^)  where 

the  measures  dv  ,(x  )  are  of  finite  total  absolute  mass  on  the  x-axis  for  al- 
x'%  n'  n 

most  all  x1  and  such  that  Jp-gj  =  |vxiHx'*  ^vxi  *8  t*1®  distribution 

derivative  of  the  function  u{x',xn)  for  fixed  x'.  We  can  write 

oo 


(8.17)  §-^j|  =if  f  lu(x'+(r+s)e) -u(x'+T0)ldx' dr 

L  J  X,n-1 

-oo  R 

oo  T+s  oo 

£  7  j*  £  j*  |dvx,(xn)Jdx'dr  *=  7^  [*(t+s)  -f(T)]dT  , 

-00  Rn-1  t  -00 

T 

where  f(r)  =  |p0J[  -00  <  x^  <  t]  ==  LS  :jdvx,(xn)Jdx',  f(T)  is  an  increas- 

Rn_1  -00 

ing  function  of  r,  such  that  f(-oo)  =  0,  f(co)=  J|jlJ  ,  and  therefore  the  last 


integral  in  (8.17)  yields  lim 


A  Qu 

I  80 


J|Li  1  Jm-q  J  -  The  proof  of  ill)  is  now 


completed  in  exactly  the  same  way  as  that  of  ii). 

0n 

iv)  If  uc.Wp  the  integral  in  (8.2)  can  be  estimated  for  0<j  0q  as 
follow®  (c  being  an  absolute  constant), 


(8.18) 


<  c 


$  I 

H?Ra  lx-yl 
G2n+20o^Cin^ 


k,  1 


— n  iu,(x>  viyM%0(*>y) 

.n  r  ,  ix-yr4  Po 


2*> 


G2n+20^t)  dt  * 


GZn+Z^°Wn'®  L  V 

Since  for  0 \ 0,  0  and  all  remaining  factors  are  bounded, 

(  C  G  (t)  dt  ■  1),  iv)  follow*. 

V  tf 

v)  follows  immediately  from  the  observation  that  lim  ]uL 

0/1  p’ 
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11m  ulx+3  0)-u(x)  B^e(x), 

where  p.^(x)  is  a  signed  Borel  measure  with 

s  -►0 

total  absolute  mass  finite,  the  limif  being  understood  as  a  vague  limit. 


max(sup  u(x),  supju(--"u^|). 
x  x^y  |  x-y  j 


Remark.  If  p  —  cd,  iv)  is  not  in  general  true.  We  have  then 

lim  JuL  =  max(sup  Ju{x)j ,  osc(u))  where  osc(u)  =  sup|u(x)-u(y)| . 
P\0  13,00  x  x,  y 

Qf 

Corollary.  If  0  <  a  <  a’  then  for  every  ue  W^  ,  1  <  p  <  oo. 


jui  <  Cluj  , 
1  <a,p  s=  J 


'  where  C  *  max(l+4n,  2(0.8)"  ^A^*),  where  Ar  is  the  constant  of  inequality 
(8.8).  Consequently,  for  a1  >  a. 


Proof.  It  is  sufficient  to  consider  the  case  when  0  <  a  <  a'<  1.  Com¬ 


bining  (8.4),  (8.5),  (8.14)  and  the  fact  that  the  integral  on  the  right  hand  side 
of  (8.14)  is  an  increasing  function  of  £  we  get  for  0  <  0  <  J3*  <  1 

2p-1w  x  C(n,/3')(l-2(P'"1)p) 


H.p 4  •  A» 


C(n,/3)(l-2 


V* 


Mfl- 


P'.p 


and  the  result  follows  by  an  easy  estimation  of  the  constant  in  the  latter  in¬ 
equality. 


9.  Auxiliary  inequalities.  In  this  section  we  shall  establish  some  in¬ 
equalities  involving  kernels  which  will  be  needed  in  the  sequel. 

We  denote  by  n1  a  positive  integer  n1  <  n,  n"  =  n-n'.  Unless  other¬ 
wise  indicated  x',  y',  z',  t'  ..  will  denote  projections  of  points  x,  y,  z,  t, . . . 

on  the  hyper  plane  Rn'  :  xn,+1  . .  =  xn  =  0,  x",  y",  z",  t", . . .  projections 

nu 

of  these  points  on  the  hyperplane  R  :  Xj  =  ...  =  x^,  —  0,  Accordingly, 

n*  n,f 

dx'  and  dx"  will  denote  volume  elements  of  R  and  R  . 

The  letter  c  will  stand  for  (in  general  different)  positive  constants 
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depending  on  various  parameters.  In  all  considerations  we  will  assume 
that  the  orders  a  of  the  kernels  Gq  and  orders  of  occurring  differentia¬ 
tions  and  differences  are  bounded  from  above  by  some  fixed  but  otherwise 
arbitrary  number  M  >  0.  The  letter  X  will  be  used  to  denote  (in  general 
different)  positive  constants  depending  only  on  n  and  M.  In  the  cases  when 
behavior  of  constants  is  of  importance  we  shall  say  that  c  is  majorated  by 
f (a,  /3,  y,  . . . )  if  there  is  a  constant  X  such  that  c  <  >tf(a,  0,  y,  . . . )  in  the 
considered  region  of  these  parameters. 


In  several  instances  we  shall  use  the  following 

Young's  inequality:  fe  L^,  ge  0  <  ^  1  — 1  =  then  f  *  ge  L.r 

and  Uf  *  gJl  r  <  I3fll  nlUi  q  • 

J-j  L  L 


From  the  differentiation  formula  (2,6)  it  can  be  deduced  that  for  any 
a  >  0  and  a  multi-index  j.  |j|  <  a, 

(9.1)  |DjGa(x)J  <  «[Ga(x)  +  -2L-  Ga_|jj(x)]  . 

From  series  expansions  of  (see  (2.3a)  —  (2.3d))  we  also  get,  with  an 
arbitrary  multi-index  j, 


(9.2)  JDjG^x)]  i  J 


u 


X<*  J  x  J 

- — — |xrn'^l  for  Q’<n+[j|  and  lj|  even 

n+  \i\-a 

K  for  a>n+|j|  and  [j]  odd 


— — —  for  a  >  n  +  ji]  1)|  even 

^  o-n- 1)| 


Also  for  jxj  <1  and  even  |jj  , 


(9.2')  JDjGJx)!  < 


Ka\xrn~^ JL-)  for  o^n  +  l)| 

lxi 

Ai(l  +  log  — )  for  »2ii  +  IjJ  . 

lxl 
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For  any  multi-index  j,  Jj  j  <  a,  (9.1)  implies 

(9.3)  D.G^iV1);  J  jD.Ga(x)jdx  ^  X(a-liJ)1  . 

Rn 

Using  (2.2)  we  easily  obtain 

(9.4)  f  G  (x)dx'  =  f  G  (x'.x»)dx'  =  (2,rn,/2G]n")(x")  . 

Rn  R 

(K  n'  =  n,  the  right-hand  side  is  of  course  1. ) 

Let  a  >  0  and  consider  the  expression  \  )AtGft(x)|  dx.  Choose  the 

Rn 

coordinates'  axes  in  such  a  way  that  the  vector  t  is  parallel  to  the  xr  axis. 
Using  the  fact  that  Gq(x)  is  a  decreasing  function  of  ]x]  we  can  write 
(JtJ  =  t  >  0),  in  view  of  (9.4), 

Jt|/2 

J  ]  AtG  (x)|  dx  =  2 1  f  G  (x)  dxndx' 
v.n  %»n-l  °  li 


R  -JtJ/2 


n-1  oo 


.  nzl  r  Wz  _  r 

W  J  Ga)(xn)dxn=2(2,r)  J  Gi1^Xn)x(xn)dxn  , 

-W/2 


-OO 


X  being  the  characteristic  function  of 


By  the  Parseval  equality  we  get  for  a  <  1, 

n-1  oo  njtl  n-1  oo 

f  |AtG,M|dx=8(2.)^  ““tSz'*'1  =  8(2,)""r'|tf  J  - 


K 


sin  n  dr] 

J0  4?^ 


(9.5) 


=  8(2.)  J  0  ■ -CO.  D  |  n2(|t]2+‘4n2)a/2  *  (W^4„V+^I  d” 

r°°  2(1  +  a) sin2  -2 

1  8(210  ^jt|a  \  TTuT-TT^Z-  dr}  > 

Jo  n  (Jtj  +4n  H 

C  jAtGa(x)|  dx  <  Jtf*  for  0  <  a  <  1  . 

R11 
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Similarly,  one  gets 
(9.6) 


[  lAtGa(*)l  d*  %  1*1  *21  «>l* 

Rn 

We  could  also  get  the  inequality 

f  lAG,(x)ldx  <  X(l  +  log-i-),  |t)il, 
■in  1  1  ~  t 


which,  however,  will  not  be  used. 


Similar  inequalities  can  be  obtained  for  derivatives  of  the  kernel  G  . 
We  have,  for  JjJ  <  a, 

(9.7)  f  lA  D  G  (x)|  dx  £  - - -  Jtf"^  i£  1)1  <  «  <  1)1  +  1 

in  *  J  *  (a-.b  )(l-a  +  b  ) 


and 


(9.7')  f  lA  D.G -(x)ldx  1  — \t\  for  a  >  1)1  +  1. 

JRn  J 

In  view  of  (9.3)  it  is  enough  to  prove  (9.7)  and  (9. 7')  for  jt]  <  ^  .  For 
these  values  of  ]tj,  (9.7)  and  (9.7')  are  obtained  as  follows.  The  integrals 
are  divided  in  two  parts: 

M  *S  ■ 

K”  |x|<2W  >1  >  41 

The  first  integral  is  evaluated  (in  (9.7)  as  well  as  in  (9.7'))  by  using 
(9.2)  or  (9.2')  and  the  inequality  jAtDjGa(x)|  ^  jDjG^x+t)!  +  jDjGa(x)|.  To 

evaluate  the  second  integral  we  write 

J\  n 

(* >  iVjG«Wl  £  J  2  -fc  DjGa(x  +  T0)l  dT  - 


0  k=l 


where  0  =  —  =  (0^ . 0R)  . 


To  obtain  the  desired  evaluation  in  (9.7)  we  use  (9.2)  for  the  derivatives 
of  order  })]  +1  in  (  *)  and  integrate  bot$  sides  of  (* )  over  }x|  >  2) t ) 
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1  3 

(we  use  here  -j|xl  <  |x  +  T0j  <  -jj*!)*  The  evaluation  in  (9.7')  is  obtained 
even  more  simply  by  integrating  both  sides  of  (*)  and  using  (9.3). 


By  a  similar  argument,  we  get 

f  JAtDiGbl  +  1(x)ldx  ^  XltjO+log-p-),  Ml  1, 

Rn  3  ^  It  J 

but  this  inequality  will  not  be  needed. 

We  shall  now  estimate  the  integral  \  ,  |A  G  (x)|  dx',  with  n1  <  n, 

‘R11  t  a 

n"  =  n  —  n'  >1.  We  shall  restict  ourselves  to  the  case  when  0  <  a  <  n"+l. 


From  (9.4)  we  have  (note:  t  =  t'+t",  x=x' +x") 
(9.8)  j*  |AtGa(x)|  dx-  1  |  Ga(x)dx-  +  j*  Gff(x  +  t)dx' 


B11 


On  the  other  hand, 


-.n' 


-.n1 


R  R 

=  (23r)'n'/2[G[n")(x")  +  G<Jn")(x"  +  t")  ]  . 


or 


(9.9)  f  ]AtGa(x)|dx'  <  f  j  At,G  (x)|dx'  +  f  |A  ,,G  (x)|  dx'  . 
pU1  'in'  J„n' 


The  first  integral  on  the  right  hand  side  of  (9.9)  can  be  estimated  by 
an  argument  similar  to  that  in  the  derivation  of  (9.5).  Without  loss  of  gen¬ 
erality  we  can  assume  that  t'  has  the  direction  of  the  x^,  axis.  Integrating 
separately  over  the  regions  where  Jx'+t'j  <  |x'j  and  |x' +t'j  >  |x'J  we  get 


(9.10) 


.  eIl1  r  I4'!/2  „ 

J  ,JAt'Ga(x)l dx'  =  4(2r)  J  G^n  +1)(xn,  ,x")dxn,  . 

R?'  0 


In  view  of  (9.2)  for  |j|  =0,  the  latter  formula  gives 


5$. 


(9.11) 


f  lA.,G  (x)j  dx'  <  {(n"+l-a)(a-n")]‘1|t'|0!'n"  _if_  n"  <  a  <  n"+ 1 
v  Of  — 


)  jAt'Ga(x)l  dx'  1  *alxT"n  _1lt'J 

%,n‘ 


for  0  <  a  <  n"  . 


The  second  integral  on  the  right-hand  side  of  (9.9)  can  be  written 
in  the  form 

(9.12)  f  ).A  G -(x)Jdx'  =  (2T)-n'/2]G]n")(X")-G<n")(x*-+t")l  . 

Rn' 

Assume  that  jx"j  ^  0  and  Jx"+t"|  £  0.  Since  G^n  ^(y")  is  a  func¬ 
tion  of  the  radius  r  ss  jy"j  only,  we  get  from  (9.12),  using  (9.2), 

jx"+t"| 

drHI,  .  7^+r| 

]x") 


j*  (lAt"Ga(x^  dx'  =  (2jr)"n//2 1  J 


a  1 


lx"l 


dr 


^(a-n"r1Jt"j0r‘n"  if  n"  <  a  <  n"  +1, 

(9.13)  f  |At„GoM|<i*'  £ 

R11  1  x,af[min(Jx"j ,  jx"+t"j  )f~n  jt"j  if  0  <  a  <  n"  . 


The  last  inequalities  combined  with  the  corresponding  inequalities 
(9.10)  and  (9.11)  yield 


(9.14) 


^((n"+l-a)(a-n")]"1Jtja~n"  if  n"  <  a  <  n"  +  l 
Xo:[min(jx"J,  Jx"+t"|)]‘>_n  -1jtJ  if  0  <  a  1  n"  . 


(9.14)  is  now  combined  with  (9.8)  using  the  following  remark.  If  for 
positive  numbers  a,  b,  c,  a  <  b  and  a  £  c,  then  for  arbitrary  9,  0  <  0  <£l, 
we  have  also  a  <  be  .  Applying  this  remark  for  a  <  n"  to  (9.14)  and 
(9.8),  and  using  the  inequality  (see  (2.3a)  and  (2.3b))  , 

Gjn'V")  £  *a(n"-af1jx"|“'n" 


,  for  ar  <  n"  , 
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we  get,  with  arbitrary  0,  0^011, 

cjt]°'-n"  if  n"  <  a  <  n"+l;  c  £  H[n"+l-a)(a-n")]'1 
c  Jtj®  [min(  jx") ,  jx"+t"j  ]a  n  ~®  if  0  <  a  <  n" 


(9.i5)  J  ^  jAtGo(x)J  dx1  £  . 


The  following  corollary  to  (9.15)  will  be  needed.  If  0  <  a  <  n",  and 
6  >  0  is  such  that  0  <  a—  6  <  1  then 


(9.16) 


T  Ja.G  (x)J  jx"J  dx  £  cjtj“-6  ;  c  1  >(p'[n"-a)(o-6)(l-o;+6)]“1  . 
Rn 

We  outline  briefly  the  proof.  We  have 


J  lAtG0(x)l 

R 


+ 

|<Jx"+t"J 


In  the  first  integral  on  the  right-hand  side  of  the  formula  above  we  apply 
the  second  inequality  (9.15)  with  0  ss  0  for  ]x"j  <  t  and  0=1  for  Jx"|  >  jtj. 

We  get 

f  f  |AtGa(x)]jx"J'6dx'dx"  £  cff  Jx"f"n""6dx" +JtJ  C jx"la'n""6_1dx"| 

>c"|<lxM+t"J  Rn'  Jx"j<jt)  )x"J>|t| 

and  the  desired  estimate  follows.  In  the  integral  over  |x"J  >  jx"+tj  we 
divide  the  integration  over  x"  into  jx"+t"|  <  jtj  and  jx"+t"J  >  jtj  and  pro¬ 
ceed  similarly. 


The  previously  obtained  estimates  will  now  be  extended  to  higher 
differences.  The  basic  formula  will  be  the  following:  for  0  <  k1  £k,  the 

coordinate  axis  x^  being  chosen  in  the  direction  of  the  vector  t  ^  0. 

1  1  k' 

(**)  A*u(x)  =  jtjk  A^"£'  J. .  ^  -2-p-  u(x  +  t(T1+...  +Tk,))dr1. .  .dTk,  . 

0  0  ®X1 

Formulas  (9.3),  (9.5),  (9.6),  (9.7),  and  (9. 7')  give  now  for  k  >  1, 
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(9.17) 


I  iAtDjGa(x)ldx  ^ 


Hf1 


*-  X(a-li]  -k)-1|tjk 


for  |jj  <  a  <  jjj  +k 
for  JjJ  +k  <  a  . 


In  the  first  case,  if  0  <  a  —  lj|  <  l/2,  we  write  ^  D.G  =  ^ "^A.D.G 

Wl  =  *  t  j  a  ttja 

and  get  by  (9.7)  the  evaluation  ^,a(a-  bir'itr-W.  If  l/2  <  a-  Jj|  1  k  -  1/2  , 

we  write  y  a  (a-Jj|  j/k,  A^OG^  =  At^jGJjJ  +  y*  AtGy**  *  *  *  AtGy  and  aPPJy 

(9.5),  (9.7)  and  repeatedly  Young's  inequality  (with  p  =  q  as  r  =  1),  which 

leads  to  the  estimate  J(,alt|a"^.  If  k  — ^  <a-jj|  <  k,  we  use  (**)  with 

k1  =k-l  and  u  —  D-G^  and  then  apply  (9.7)  obtaining  an  evaluation 


In  the  second  case,  we  use  (**)  with  k'  =k,  u  =  D.  G  and  apply  (9.3). 

J  ^ 

The  extensions  of  formulas  (9.15)  and  (9.16)  to  higher  differences  will 

n  I 

be  needed  only  for  t=t' cR  .  We  assume  k  >  1,  n' >  1,  n"  >1,  hence 
n  =  n'  +  n"  >  2. 


(9.18)  C  jAkG  (x)|  dx'  ^cjt'f  Jx"ja_n"'0  for  a<n"+k,  max[(a-n"),0]  ^0|k 
j  i  a  “  ~ 


H* 


The  constant  c  can  be  expressed  in  the  simplest  way  by  putting  9q  — 
max[(a  -  n"),0]  and  writing  9  =  0q(1-t) +kr,  0  <  t  <  1.  We  have  then 


1 

.  c  =  \ajn"-ajT_*  (n"+k- afT 

for 

a  ^  n"  ,  k  >  1  and  a  —  n" 

£  k-1 

c  =  K.(n"  +  k-a) 

for 

k  >  1  and  k  -  1  <  a  —  n" 

<  k 

(9.18') 

c  as  ^ajn"-a|T”^  (n"  +  l-a) 

for 

a  n"  and  k  =  1 

'v.  c  =  >te_1 

for 

a  =  n"  and  any  k  >  1. 

One  should  notice  that  for  a  =n",  9  has  to  be  strictly  positive. 

The  inequality  (9.18)  for  9  =k  is  obtained  by  using  (**)  with  k1  =  k 
and  u  **  Ga(x),  then  applying  (9.2)  and  integrating  over  Rn  ,  The  resulting 
constant  c  is  /ta(n" +k  -  a)~*. 


59. 


When  a  4=  n",  we  can  take  the  other  extreme  value  of  0,  @Q  = 
max[(a-n"),0].  For  a  <  n",  this  means  0q  =0.  We  write  then  A^G^  = 
Z^tA^G  )  and  the  inequality  is  given  by  (9.8)  with  t"  =  0  and  with  con¬ 
stant  >i a(n"-a).  For  a  >  n",  0o=a-n".  If  n"<a<n"+l  and  k  =  1,  the 

k 

inequality  is  given  by  (9.11).  If  n"  <  a  <  n"  +  l  and  k  £  2,  we  write  AtGff  = 

(A  ,G  „)  *  (A^G  „  ).  integrate  with  respect  to  x1  and  apply  (9.11)  and 
'  t'  a+n" '  t'  a-n"  ° 

for  the  second  integration  (over  Rn)  use  (9.17)  with  j  =  0.  Finally,  for  a  > 

k  k-1 

n"  +1,  which  implies  k  >  2,  we  write  At,  Gq  =  (At,  Gn,,  +  )  *  (At,  Ga_nu_y) 

with  y  =  2  ii  a-  n"  £  k-1  and  y  =  if  a-n"  >  k-1  and  argue  as  in  the 

preceding  case. 

In  all  previous  cases  we  obtain  (9-18)  by  combining  the  evaluations  A 
and  B  corresponding  to  9  =  9q  and  9  ~  k  into  TBT.  The  remaining  case 
a  *=n"  is  dealt  with  presently. 

We  write  A*  Gn„(x)J  dx'  <  At,Gn„(x)|  dx'.  By  (9.10)  this  is 
jorated  for  0<  0  <  1  hy 

jia,  ,  >ia  .-ha. 

K-J  GjJ“"+1)(xn,  ,x")dxn,  <  (s2+Jx"J2)  ds  OCjx'j  6J 

0  0  0 

=  >10'1Jt'|eJx,,|"0  . 

and  the  result  is  obtained  by  combining  the  latter  inequality  with  that  for  0  =  k. 


ma- 


-1+0 . 
s  ds 


We  next  extend  formula  (9.16) 

(9.19)  f  |A^,G  (x)|jx"j"6dx  <  cftf“6  for  6  <  n",  0  <  a-6  <  k, 

V? 

c  =  J(,max[(k+6-a)"1(k+n"-af2,  a|n"-aj  *(0-6)  1,  jn"-aj  *(n"-6)  *] 

for  a  4=  n" 

c  =  K(n"-6)’  for  a  =  n". 

The  proof  is  completely  similar  to  the  one  of  (9.16)  using  (9.18)  instead 


of  (9.15). 
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Remark.  The  constants  in  (9.18)  and  (9.19)  are  not  the  best  possible; 
they  become  infinite  when  a  — >-  n"  for  fixed  0  >  0  in  (9.18)  or  fixed  6  <  n" 
in  (9.19)  which  they  should  not  be  in  view  of  the  evaluation  for  a  =  n".  In 
the  present  work  we  shall  not  need  better  evaluations.  It  would  not  be  diffi¬ 
cult,  however,  to  imporove  them  by  making  more  thorough  use  of  the  exact 
formula  (9.10). 

Our  next  two  formulas  concern  differences  with  respect  to  two  differ¬ 
ent  increments  t  and  t^. 


Decompose  j  s  i  (J  i'  ,  hence  Jj)  ~  Ji]  +  |i'l  •  Write  then 


n  k 

I  lAVD.Ga(x)|  dx 
"  1  RT  Hf1  BT 


dx  dy  dz  . 

If  a  »  JjJ  +|3  +  0j  we  have  only  a  double  integral.  Apply  then  Young's  in¬ 
equality  and  (9.17)  to  obtain  (9.20),  at  first  with  a  constant  depending  on 
ji)  and  J i ' J .  Making  the  two  extremal  choices  Jij  =0  and  Ji'J  =0  and 
combining  the  resulting  evaluations,  one  obtains  the  desired  constant. 


For  n'Sn,  0<p<k,  0  <  <  kj  .  0  +  01£«-Jj|. 

(9,21)  J  S  ►irn'^J^^^wid«dt'i  ^  . 

RU'  Rn  1 

with  c  **  l-C[min(P,  01,k-0,k1-01)r1(k-^)  ^kj-f^)  1(1+^|^') 

In  the  proof  we  divide  the  integration  relative  to  t1^  into  jt'^j  <  |t| 
and  Jt'J  >  jtj.  For  jt'J  <  Jt|  we  apply  (9.20)  with  0  and  0^  replaced  by 
0-e  and^+c  respectively,  where  e  =  1/fe  min(0,  ^,(k-0),(kj-^)).  For 
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Jt'j]  >  jtj  we  apply  again  (9.20)  but  with  /3  and  |3j  replaced  by  £  +  e 
and  |3j-e  respectively. 

We  finish  this  section  with  the  following  inequality 


(9.22) 


r  c  I 

MTto' 


dxdt'  ^  c  for  n'  in,  y>  0,  and 


min[n-j  jj -7,  k-7]—  t  >0,  c  ~  X[r7(k-Y )]"*  . 


Integration  over  t'  is  divided  into  J  t'J  <  1  and  Jt'j  >  1.  In  the  first 
part  we  write  JA^,  D.Gtf(x)J  £  j*  j  A^,DjGa,(x-z)jG)(_Qil(z)  dz  with  a'  «  jjj  + 

7  +  t/2.  Integrating  over  x  (where  we  apply  (9.17)),  then  over  z  and  finally 
over  jt'j  <  1  we  obtain  an  evaluation  <c  J{(y  +  r/2)  *(k  —  7)  \  In  the  second 

part  we  write  jj  J^D-G^x)]  dx  £  Ji ^  jD.G^(x)j  dx  which  by  (9.3)  gives,  after 


integration  over  Jt 1 1  >  1,  >(,{<*-  jjj )  ^  7  ^  <  -K.(y  +  t/2)  1  y  A. 


v-1  -1 


§  10.  Special  integral  transformations. 

In  this  section  we  will  describe  certain  regularity  properties  of  inte¬ 
gral  transformations  occuring  in  connection  with  the  representation  formu¬ 
las  of  §5. 

The  properties  established  here  (in  particular  in  propositions  1  and  2) 
simply  that  for  ue  and  ue75a,p  with  suitable  a,  the  integrals  occur¬ 

ing  in  the  representations  formulas  of  section  5  considered  as  integral 
transformations  applied  to  u,  its  derivatives,  difference  quotients  of  u  and 
its  derivatives  are  p-absolutely  regular  (in  some  exceptional  cases  p- 
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semi- regular).  Consequently,  for  u  in  a  suitable  class  W®  or 
the  corresponding  identities  are  valid  pointwise  almost  everywhere.  Fur¬ 
ther  consequences  of  this  fact  will  be  presented  in  sections  U  and  12. 


We  use  the  same  notations  as  in  §9  :  n'  is  an  integer,  0<  n'  n, 
n"  *  n-n',  dpi{x,t)  =  dpL'(x',t')  • 

hi  h'l 

We  recall  (c.f.  §6)  that  the  statement  k(x,y)  is  a  p-s.r.,  p-r  or 
p-ab.  r.  with  measure  spaces  {x,d|i|  ,  [y.dv]  means  that  the  transforma¬ 
tion  ^K(x,y)  u(x)  dpi  is  p-s.r.,  p-r.,  or  p-ab.  r. ,  respectively. 


Proposition  10.1.  if  a  —  [j|  —  —  >0,  then  the  kernel  K(y.x')  «=  d(^G  (x'-y) 

p  "  J  & 

with  measure  spaces  ^Rn,dy]  ,^Rn,dx'|  is  p-ab.  r. .  For  a  -  [j|  -n"  >  0  it 
is  ab.  -r. .. 


Proof.  For  n  <  n'  the  proposition  follows  directly  from  (9.3)  and 
Young's  inequality;  the  bound  for  the  transformation  k  is  in  this  case  major- 
ated  by  — —  . 

o-lil 

For  n'  &  n  we  consider  first  the  cases  when  p  si  and  p  «  oo.  For 
psl,  or~l j|  >  n"  and  condition  (6.4)  must  be  verified.  By  (9.1),  (9.4)  and (2.3d), 


f  ]DG  (x'-y)Jdx'  £  K[G^U)  (y'H  JL-  sKW"))  <  - 

•in'  3  a  a  cr-jjj  gi  o-bl-n" 


•Ul- 


If  patoo,  or-jjj  >  0,  (6.4')has  to  be  checked.  By  (9.3) 

dy  - 


R» 


Let  now  1  <  p  <  oo,  <  a  -|j) .  In  this  case  we  apply  Method  I  of  §6 

with  cp(y)  m  (y")  +  (a-Jjj)G^1  ^(y")]P/^P  and  i)i(x')  *  1.  By  (9.1)  and 

(9.4)  we  get 


63, 


J  iDjG^x'-yjjdx'  1  JL-  [«4n.'jJ(y,,)  +(«-liJ)Gjn")(y")]  =  cp(y)1^' 

^“PJ  ®“Pl 


On  the  other  hand,  using  again  (9.1)  and  (9.4)  we  get 

J  J DjG^x'-y)] [^(^'^(y ")  +  (a-^G^ (y»)f/p  dy'  dy" 

Rn 

s  -^n  f  [«GK'|(y'')  +(a-tjl)G^n,,)(y'')f'  dy”  . 
o-p]  pn" 

In  view  of  (2.10)  this  is  <  - — - rrr  ^(x1)^^  ,  and  the 

proposition  follows  from  Theorem  6.  3  with  the  p-bound  of  the  transforma¬ 
tion  majorated  by 

(10.1)  Mp  1  X(«-  ii]  f  V  liJ  -  ~  r1 . 

i  i  n" 

Proposition  10.2.  Let  k  be  an  integer,  k  >  y  >  0  and  let  ar-p]  y 

A1*,  .D^G  (x'-y) 

f  •  ’x*  j  *  *  n 

then  the  kernel  — - - - * -  with  measure  spaces  R  ;dy  , 

|t.j«y 

R  xR  .dja^x^t1)  has  the  following  properties 
i  i  n" 

i)  Jf  a-pj  -  —  >  y  then  K  is  p-ab.  r.  for  1  p  £  oo  . 

ii)  _If  |jj  s=  0,  a-  *»  7  then  K  is  p-ab.  r.  for  1  <  p  £  oo. 

iii)  li_  n"  =  0,  and  a-jjj  —  y  then  K  is  p-s.  r.  for  2  <  p  £  oo  and  its 
adjoint  kernel  is  p-s.  r.  ,  for  1  <  p  £  2. 

Proof,  i)  We  write,  using  the  composition  property  of  , 

‘  Rn 

“  |If +7t.(z- *H  ’ 

R 
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i 

with  c  ~  min(k-7  ,  «-|jJ --y-n'/p)  >  0.  We  apply  now  Method  II  o£  ^6 
with  inner  factor  X(z)  =  [G^nj)j  ^  e(z")]  By  (9.4)  and  (9.22)  we  have 

mlAt'zDiZ)Glil+'Y+^z_y^  p 
_  7-£ - Mz)PGa.ljl.7.e(x,Z)dx.dzdt. 


Rn  Rn  Rn 


C  C  lAt'zD i  Glil  +  M.>)l  -1 

"1,1  dzdtl  £  *U7(k-7»  . 


B 


c  r  JAVvDiy)Giii+-vi.;2-y)! 

=  11  - X(z)  G^i— (x,‘2)dydz 


r-c ’ 


Rn  Rn 


By  (9.17),  (9.4),  and  (2.10)  we  get 

vk  n(y> 

J_ 

if  Rn  ^'1 

£  £J„  |A";Vi°Mn'  Y>l  x(z)~1>'G.-|i|-r-.tx'-z)dyda 

P'/P 

Gv“|,f  (z")‘ 

,  a- l)|-7-eV 

R  R* 


Rn  Rn 


K(b|n)Y1(^-.)-iyj  Gj»j;|.y_e(z'')f\.lj|_r.£(S)d,'dz'. 


PH'1 


<  >t(li|+7)7’1(k-7)"1^  ([G^|_7_e(z")]pdz"l  ^(Jj|+7)[7(k-Y)(tt-lj|-Y-n'yp)  ] 

Rn" 

It  follows  by  Theorem  6.3  that  the  bound  M  of  our  transformation 

P 


can  be  evaluated  in  the  present  case  by 

1/p1 

_  <  J/l  lil+* 

P 

_  1 


(10.21)  Mq  <  J{( Jj j  +7)  [rt1^P(k-7)(ar-lj|-7-n7p)1+1^P  ]  ,  where 

e  =  ^min[(k-7),  (a-i)j-7-n"/p)] 


ii)  In  this  case  we  shall  apply  Method  I  of  §6  with  the  factors 
q>(y)  *=  Jy"l"n  and  ^(x',t')  =  1. 

We  have,  by  (9.19),  with  0=7  +  n'^p,  6  =  n"/p  , 


65. 


-n'/p 


f  i  i  f  iAt'  x,Ga^X'"y^y"l 

|jK(,. [V^-nTp - dy  ^  °  • 

On  the  other  hand,  by  (9.18)  we  have,  for  Jfj  i  Jx-J 
J  ( |  A^Gtt(x>-y)|  dx'  1  C  jy"ja_n""k  jt'jk 


and  for  Jt'J  >  Jy"{, 


f  c  JyMja  n  if  a  <  n" 


J  lA^G^x'-yjjdx'  1  J  cjy»j-ejt'j£  if 


R 

Therefore 


—  n  £.  —  1  /  n"  \  _  n" 


v.  c 


,|Of-n' 


if  a  >  n"  . 


I  I 


1 4  x' 


n' 


dx'dt'  = 


Dn'  X.H1  a - +n' 

R  R  |.'|  » 


I 


i'|g|y"|  M>|y"f  R” 

S  C  |y"|-"'/p'  =  CT(y)>*'  , 


il^|.x,G0(*'-ylld»,d‘l 


which  completes  the  proof  of  ii).  An  evaluation  of  the  bound  can  be  ob¬ 
tained  from  the  constants  in  (9.18)  and  (9.19). 

iii)  With  af-Jjj  *=  y,  n"  =  0,  x'  bs  x,  t'  =t,  we  get,  using  (9.17) 

I  Ak  D<yb  (x-y)|  .  , 


l 


and  hence  K  is  oo-ab.  r.  and  the  adjoint  of  K  is  1-ab.  r. .  We  shall  prove 
now  the  2-semi-regularity  of  K  and  its  adjoint.  By  Theorem  6.4  it  is 
sufficient  to  verify  that 


(4 


j|  C  K(y,x,t)u(y)dy||-2itJl  rflj  ,  s  CK.J 


f" 


(rf1  xRn,d|l) 


L4(Rn) 


for  all  simple  functions  u  on  R  with  some  constant  C  independent  of  u  and 
that 
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(**) 


IU  K(y,x,t)w(x,t)dp.(x,t)|  2  ^  i  Cjjwy  2 


Ul,  (Bf1) 


L  (RpxR^dp.) 


R  R 

for  all  simple  functions  on  {Rn xRn,d|iJ  with  a  constant  C  independent  of  u. 
To  prove  (#)  observe  that  for  any  simple  function  u, 

r  &  D^G  (x-y) 

w(x,t)  =  J  - - u(y)  dy  =  , 

where  v  {£)  *«  J J-(-i|)J  u(g)  . 

4  d+lel)^7 

Hence,  using  Parseval  equality  and  (5.18)  we  get 

I  Jvt(e)l2d)i(l.t)  ^  t^-C(n,«-ljl)^_k  Jsl2lflf-^l|u| 

L  (KxR.dMJ  j^n^n 

Similarly,  if  w  is  a  simple  function  on  ^RnxRn;dp}  and 

r  r  ixfe'y) 

“W  - ]  3  -j^B) - »(*.*><«*.«> 


lV>' 


then 


u(e) 


d+isn 


2^7? 


where  w(£,t)  is  the  Fourier  transform  of  w(x,t)  with  respect  to  x.  Using 
Schwartz1  inequality,  Parseval  equality  and  (5.18)  we  get  (**)  with  the  same 
constant  as  in  (*). 

iii)  follows  now  by  interpolation  (see  Theorem  6.5).  For  2  £  p  5L  oo, 

the  p-bound  M  of  the  transformation  is  equal  to  the  p'-bound  M’  ,  of  the 
p  P 

adjoint  transformation  and  they  are  both  evaluated  by 

M  *  M*  ,  1  7(ai“^>(a-ljlr1(k+ijJ.O’r1  . 

r  r 


(10.2iii) 
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Proposition  10.3.  Let  k  >  7  >  0,  and  a-jjj-  >  Y*  Then  the  kernel 

A^Efyb  (x'-y)  , 

K(x',y,t)  *  - i-— £ -  *  w*tk  measure  spaces  |Rn,dx']  and  |RnxRn,  dp.(y,t)j 

is  p-ab.  r.  ,  1  <  p  |  oo. 

The  proof  is  completely  similar  to  the  one  in  Proposition  10.2  i).  We 
choose  €  *=  ^■min[(k-Y),  (a-  Jj| -7-n"  p1)]  and  apply  the  second  method  with 
the  inner  factor  X(z)  =  £G^n  j-j  ^  e(z")]^  •  The  p-bound  of  the  present  trans¬ 
formation  is  equal  to  the  p1 -bound  in  (10. 2i). 


Proposition  10.4.  Let  k  >  7  >  0,  k'  >  7'  >  0,  a-  |j]  —  —  >7  +  7'  . 

... 


•k'  .*  -dy>,  •"  p 


C,  ,A,  D!”G  (x'-y) 
t'.ix'  t;y  j  a'  ” 

1  <  p  <  00.  The  kernel  K(x',t/,.y,t)  =  - , — — -  with  measure 

"  “  it'll7  M7 

spaces  ^Rn  x  Rn,  dp.(y,t)|  ,  ^Rn  xRn  ,  dp.'fx'.t'^j  is  p.  -ab.  r. 

Proof.  Consider  first  the  case  when  n"  =  0.  Then  by  (9.21)  K  satis¬ 
fies  conditions  (6.4)  and  (5. 4* )  with  constants  A,  —  B.  Hence  K  is  1-ab.  r. 
and  oo-ab.  r.  and  by  interpolation,  (Theorem  6.5),  it  is  ab.  r.  with  p-bound  ** 

A  =  B  given  by 

(10,4a)  For  n'  =  n,  Mp  =  ^[(k-^Hk' -71)  min^^'.k^.k' -7')]  *(H- 

Consider  next  n'  <  n  and  1  <  p  <  00.  We  use  now  the  general  criterion 
of  Theorem  6.  3  with  kernels 

K^y.t.x',  t'j)  =  j 

K2(y.t,x'.tj)  =  M-T|t.rv  j'iAP:^)Gn1,/p^,±e^,-lli',r“'/PlilyflGST£<-rtl'i- 

1  3 

We  have  put  here  0  =  a—  n"/p  —  7’>  e  *  ?£o  orS!7e0  depending  on 
whether  Jt*  — n’/p*  j  >  eQ/Z  or  [7*  —  n’/p*  j  <  eQ/2  (so  that  J 7’  —  n"^'  +  ej  >  ^eQ) 
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with  €q  =  min(y,  7' ,  k-7,  k'-y);  the  upper  or  lower  sign  accompanying  e  is 
chosen  depending  on  whether  \t\\  i  M  or  Jt'J  >  jt).  '* 

Condition  (6.5)  is  checked  immediately.  The  first  inequality  in  (6,6) 
is  obtained  as  follows: 

1  (  KWy.t.x'.t'  )jt'1j"n'  dx'  dt'  2* 

*K  Rn' 

“  L-  iL.  W-l-xJ— 1^: o„..  p+ v± 

|inAt;z1Vlali|+Yl:£<z"zi)GS-lj|-i<Ir'r|<ili|dl‘'dzd*i 


R  R  R 


We  integrate  first  with  respect  to  x1  applying  (9.18)  with  6  =■  y'  +  e ,  and  then 
integrate  with  respect  to  z,  applying  (9.17),  and  then  with  respect  to  Zj.  We 
end  with  integrals  with  respect  to  t'^  of  the  form 

C  (  W'e  Jt'/^’dt'j+C  f  JtJe  Jt'1J-e-n‘  dfj<  *e'4  =  A. 

WsW  hl>w 

We  treat  similarly  the  second  inequality  in  (6.6)  where  in  the  integral 

^  j  K2(y,t,x',t'1)jt|"ndydt  *=  j  j  j  j  . ..  dydz^zdt 
„n  r»n  Rn  Rn  Rn 


R  R 


we  apply  (9.17)  for  integration  with  respect  to  Zj  and  (9.19)  when  integrating 

over  z,  and  end  again  with  integrals  over  JtJ  >  Jt'J  and  JtJ  <  Jt'J  similar  to 

-4  -1 

those  above.  For  the  constant  B  we  get  the  evaluation  Jie  q  (n"/p')  .  For 

1.  The  proof  could  also  be  obtained  by  applying  the  second  method  of  §6 
separately  to  the  two  components  K1  and  K"  of  our  kernel  K  =  K' +K"  where 
K'  =K  for  Jt'J  1  JtJ  and  K'  =  0  for  Jt'J  >  JtJ. 

2.  If  j3-  JjJ -y  =  0  the  last  integral  J  . . .  dz^  is  replaced  by  4yD!lSl+T(s-’r)- 
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the  bound  M  we  obtain  thus 
P 

(10.4b)  For  n1  <  n,  ^  [min(  Y.T'.k-Y.k'-y')]"4  . 

This  evaluation  is  at  first  obtained  for  1  <  p  <  ao.  However,  since  it 
is  independent  of  p  it  is  also  valid  for  p  =1  or  p  =  oo  (one  could  obtain  simi¬ 
lar  evaluations  more  directly  by  using  (6.4)  or  (6.41)). 

Proposition  10.5.  Let  teRn  be  fixed,  0  <  0  <  k,  0  <  y  <  k1,  a  >  fi  +  y. 

i)  The  kernel  |tj ^  Gq(z-x)  is  ab.  -r,  for  measure  spaces  (Rn;dx)  and 
(Rn;dz)  with  bounds  independent  of  t. 

ii)  The  kernel  jt]~^]tj|  ^  z^y-z  Gq(z-x)  is  ab,  -r.  for  measure-spaces 
(Rn ;dx)  and  (Rn xRn ;d|j.(z,t^))  with  bounds  independent  of  t. 

Proof.  We  show  that  the  kernels  are  1-ab.  -r.  and  oo-ab.  -r.  by  find¬ 
ing  evaluations  A  and  B  for  the  corresponding  integrals  (6.4)  and  (6.4').  In 
case  i)  we  apply  (9.17)  with  ]j]  —  0  by  writing  K(z,x)  =  ]t|  ^A^G^(z-y)  * 

G^  ^(y-x)  to  obtain  A  and  K(z,x)  —  ^(z-y)  *  |lJ  ^  ^  t_x  G^(y-x)  to  obtain  B. 

The  p -bound  so  obtained  is 

(10. 5i)  Mp<  ^(k-0)"1  for  1  <  p  <  oo  . 

In  case  ii)  we  apply  (9.21)  to  obtain  A  and  (9.20)  to  obtain  B.  The 
p-bound  so  obtained  is 

(10. 5ii)  Mp  <  >(,[min(0,7,k-0,k'-'y)]’^p(k-0)  ^(k'-y)  1  for  1  <  p  <  oo. 

Remark  1.  Statements  in  Propositions  10.1  —  10.4  pertaining  to 
p-ab.  regularity  of  an  integral  transformation  are  equivalent  to  p'-ab.  regu¬ 
larity  of  the  corresponding  adjoint  transformation.  When  we  refer  to  such  a 
statement  about  the  adjoint  transformation  we  will  write  "adjoint  proposition" 
(e.  g. ,  adjoint  Prop.  10.2). 
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Remark  2.  In  the  preceding  propositions  we  considered  only  the  mea¬ 
sure  d|i(x,t)  or  dji'tx'.t1).  In  the  following  sections  we  will  need  these  propo- 

1  ^2n+2 

sitions  often  with  the  measure  d(j.p(x,t)  =  Y  (  or 

2n+2/3 

d^/3<  x',t'))  replacing  d)i(x,t).  Whenever  the  statements  pertain  to  p-ab.  regu¬ 
larity,  by  virtue  of  Theorem  6.1,  we  still  have  p-ab.  regularity  with  the  new 
measure,  with  bound  $  (C( n,0))  or  £  ( C(n, /3) )  depending 

on  whether  the  measure  is  changed  in  the  domain-space  or  the  range- space. 
The  only  case  when  we  deal  with  p-s.  -regularity  is  in  Prop.  10.2iii).  By 
checking  directly  the  proof  in  this  case  (especially  for  the  2-s.  -regularity) 
one  verifies  immediately  that  p-s.  -regularity  is  maintained  with  djj.^  re¬ 
placing  dpi,  the  evaluation  of  the  bound  being  changed  as  above. 


i 


§11.  Inclusions.  W®  and  as  spaces  of  potential*. 

In  this  section  we  give  a  description  of  inclusions  between  spaces  Wa  , 
LP,  and  r7Sa‘^.  We  also  derive  some  representation  formulas  for  functions 

<v 

of  W^  and  78a'p  which  allow  us  to  characterize  those  spaces  as  spaces  of 
Bessel  potentials  of  certain  classes  of  distributions. 


It  will  be  convenient  to  introduce  the  space 

(11.1)  AP  m  [LP(lf )  x  x  Rn,  dpLg)  ]  x.  . .  x  [LP(1^)  x  LP(Rn  x  Rn,  dpi^)} 

nm,^-l  times 
n-1 

if  a  is  not  an  integer,  a  =  m+|3,  m  =  [a],  0  <  /3  <  1,  and 


(11.1’)  =  LP(Rn)  x...xLp(Rn) 

_JT)+1  , 

- - -  times 

n-1  - 


if  a  «■  m  is  an  integer. 
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Elements  of  A P  will  be  denoted  by  (v.,  w.}  or  by  f  v.|  if  a  is  an  in- 
01  J  J  J 

teger,  j  being  a  multiindex,  0  <  |j|  <  m.  The  norm  in  AP  is  defined  by  the 
formula 


(11.2)  j]  v.,w.  J]] 


m 

i  =0  iipi 


flvjBV®11)  • 


Clearly,  Wp  is  boundedly  imbedded  in  A^  (with  approximate  norm 


|  ~]  isometrically  imbedded),  the  imbedding  being  defined  by 
P 


(11.3) 


vj  =  Djui  wj(3I,t) 


A.  D.u(x) 
_  t  J 


w 


w 


(ucW“). 


£y  P 

Wp  can  be  therefore  be  considered  as  a  (closed)  subspace  of  A^  . 

L,p  will  denote  the  saturated  rel.  (^n-space  of  Bessel  potentials  of 
a  u 

order  oof  functions  in  LP,  i.  e.  the  space  of  all  functions  u  for  which  there 
exists  a  function  fe  LP(Rn)  such  that  u(x)  =  Gq  *  f(x)  almost  everywhere. 


The  standard  norm  of  u  is  defined  by 

(H.4)  J]uj]aip  =  Uf] 


Lp(^) 


The  space  LP  was  investigated  by  Calderon  [  6  ].  An  equivalent 

definition  of  LP  as  a  space  of  distributions  is  that  LP  is  the  space  of  tem- 
a  r  « 

pered  distributions  u  whose  inverse  potential  of  order  o,  G_au,  is  in  Lp. 

The  space  LP,  for  p  <  oo,  will  be  considered  as  an  imperfect  com¬ 
pletion  of  the  space  C“  with  norm  given  by 

IWU=  K„,-«  ♦  •i-*>n,“B,  P  ■ 


where  m  is  an  integer  >  o/2.  For  p  =  oo,  the  imperfect  completion  leads 
to  the  space  L00  <  ;  this  is  the  space  of  all  bounded  functions  u  such  that  G_  u 
is  continuous  in  RnU  (oo)  and  vanishes  at  oo  .  Obviously  ,  For  p  *  1 

we  introduce  also  l)>  as  the  space  of  tempered  distributions  u  such  that  G  u 

_  CM  " 

1.  G^u  is  given  in  terms  of  Fourier  transforms  by  (G  »  (1+  j£p)°^u  . 
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is  a  Borel  measure  of  finite  absolute  mass;  we  put  jjujj^  j  *  Jg  ^u J (rP), 
Obviously  again  L*q  C  for  0  £  (3  <  a. 

The  perfect  completions  corresponding  to  spaces  L^  will  be  introduced 
in  and  denoted  P°'p, 

As  concerns  inclusions  between  spaces  and  L®  we  have  the  follow¬ 
ing  theorem: 


Theorem  11. 1  i)_If_  a  is  an  integer  then  iP^  =  for  1  <  p  <  oo. 
ii)  If  a  is  not  an  integer  then  iP  ~)  W°  for  1  <  o  <  2  and  iP  C  Wa  fr.7*  ?  <  „  < 

-  Ct  p  ■—  —  K  C  ■  p  SS  r  s 

oo.  iii)  If  a'  >  a  >  0,  then  Wtt'  C  iP  and  iP  .  C  W®. 

—  -  p  a  -  a1  p 

Proof,  i)  Let  a  =  m  be  an  integer.  If  ue  iP  ,  1  <  p  <  oo,  then 

m 

u  =Gm*f.  fe  iP(hP)  and  therefore  by  (5.7)  and  (6.13)  the  distribution  deri¬ 
vatives  D^u,  Jj]  £  m,  are  in  LP(R  )  and  there  is  a  constant  C  independent 

of  u  such  that  Ju“l  <  C  jj f U  *  C]juJ]m  .  Conversely  if  ue  Wm  then 

LH  ,p  m  p 

(5.30)  gives  for  f=G  u  the  expression  f  =  S  (^H-lr  £  D.[G  *  D.u] 

i=0  1  [j|=i  J  m  J 

in  sense  of  distributions  and  therefore  by  (5.7)  and  (6.13),  fe  LP(rP)  and  there 

is  a  constant  C  independent  of  u  such  that  Ilf  II  <  C|u| 

Lp  = 

ii)  Let  1  <  p  <  2,  a  «  m  +  0,  me  [a],  0  <  0  <  1,  and  ue  c£°.  Then 
°-au  18  clearly  defined  pointwise  by  formula  (5.28).  We  write  this  formula 
in  the  form 


(U.5)  G  u(z) 


k7)lrfD>G°'  **»&*$*  lt>wj(x'i'd^x,t> 


with  Vj,  Wj  as  in  (11,3).  G_^  can  then  be  interpreted  as  the  result  of  a  trans¬ 
formation  of  an  element  of  Ap  .  In  view  of  the  propositions  10. 1  (for  n'  *  n)  , 
the  adjoint  Prop.  10.2iii)  and  Remark  2,  §10,  there  is  a  constant  C  indepen¬ 
dent  of  u  such  that  jjG  ^ufl  p  £  cjuj^  p  for  1  =  p  e  2* 
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Let  2<p  loo  and  u  *=  G^*  f,  fe  LP.  Then  by  Prop.  10.1,  D.ue  LP, 

Jjl  <  m,  and  there  is  a  constant  C  independent  of  u  such  that  JlD.ull  < 

A.D.u(x)  j  LP 

Ilf  II  .  On  the  other  hand  the  expression  w.  =  — — 1, —  is  the  result  of 
“  LP  J  jt  f 

the  integral  transformation  of  Prop.  10.2  (n  *=  n1)  applied  to  f  (with  measure 
dp.  replaced  by  dp^)  and  by  Prop.  10.2  and  Remark  2,  §10,  there  is  a  constant 
C  independent  of  u  such  that  J|  w .  JJ  <  c||f||  .  This  completes 

i  T  Rfnnvl}n  rill  \  “  LP 


the  proof  of  ii). 


L^R  xR“,  dp^) 


iii)  Let  ue  .  Since  with  increasing  a  form  a  decreasing 
sequence  of  spaces  we  may  assume  without  loss  of  generality  that  a'  is  not 
an  integer,  a,l  =  m,+/3\  m1  =[a'],  0  <  <  1.  Then  by  (5.28),  u=Ga*f 

where 

m 

(11.6)  f(z)  «  £  (^l  Y  U-l),DjG2((,.(l.vjW  + 

i  *=0  ij]==l 

r  n  A  '  lJXb,  .  («-*) 

11  t;JC|/|r— ~  • 


RnRn 


v.  and  w.  as  in  (11.3)  (with  0'  instead  of  0).  By  virtue  of  Propositions  10.1 
J  J 

(with  n'  wn),  10.2  i)  (adjoint,  with  n'  =  n)  and  Remark  2,  §10,  formula  (11.6) 
is  valid  pointwise  almost  everywhere  and  fe  LP. 

On  the  other  hand,  if  ue  Lp,  ,  u  *=  G^,  *  f,  fe  LP,  then  by  Proposition 
10.1,  D,ueLP,  li|  <  a1,  and  iii)  is  proved  for  a  integer.  If  a  is  not  an  in- 

J 

A.D.u(x) 

teger,  o«m+0,  then  the  expression  — •— fa -  for  (jj  <m  belongs  to 

Mp 

LP(R?lxRn,  dPp)  by  Proposition  10. 2i)  (with  n'  «  n)  and  Remark  2,  §10,  with 

norm  bounded  by  cjjf  JJ  with  C  independent  of  f. 

Lr 
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Remark.  It  can  be  proved  by  examples  that  the  inclusions  in  ii) 
are  proper  for  p  ^Z.  It  is  well  known  that  and  coincide  fpr  every 
a  >  0  (c.  f.  [2]). 


We  now  proceed  to  prove  the  following  theorem. 

Theorem  11.2.  If  a  >  y  and  both  a  and  a-y  are  not  integers,  then 
W*  s=  1  £  p  1  oo.  More  explictly,  the  space  consists  of  all 

functions  u  of  the  form  u  =  *  v,  v£  ^ ,  and  there  are  constants  . 

>  0,  independent  of  u  such  that 


(H.7) 


C,  jvj  <  Juj  <C,  H 

l1  'o-'y.p  =  1  *a,p  =  2' 


Proof.  Let  u€W“.  By  propositions  10.2)  and  the  last  remark  of  §10, 
the  inversion  formula  (5.28)  is  valid  pointwise  almost  everywhere  if  y  <  a 
and  a  is  not  an  integer.  Let  a  =  m  +  0,  m  =  [a],  0  >  0  >  1,  a-y  -  m'  +  0', 
m1  =  [0-7],  0  <  0‘  <  1.  Then  for  Jj'J  <  m'  , 


(11.8)  DjjG  _^u(z)  =  (- 


m 

I  =0  IjjBi  Rn 


G2n-7(z-x)vjtx)  dx 


nA„  l4x)  ..  G,  (z-x)  -1 

^  ■*  >"*))  °"r - Wj(x.t)dUp(,.t|]  , 

R  R  •  * 


m 


A.  D..G  u(z)  j,.i  v-'  FT>  2V 

A  A.  ..G,  (z-x) 

ti;z  t;x  juj1  2  a-y'  ' 


A.  I^'.G,  (z-x) 

t,;z  lUi*  Za-± - 'v(x)dx 

J 


RnRn 


where  Vj,  Wj  have  a  meaning  as  in  formula  (11.3). 
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Noticing  that  d^(x,t)  <  ^~^yd|J.(x,t)  and  recalling  that  ~ 

/3(1-|3)  for  0  <  (3  <  1,  using  Propositions  10.1,  10.2i)  adjoint  10.2  ii),  10,4  and 

Remark  2,  §10,  we  get  G  u£W°  ^  and  JG  ul  <L  Cjuj 

"7  P  "7  **-7»P  "" 

C  <  ^{minO.l-^^M-^'J^l-^J^t/S'a^')]1^)  _1. 


with 


Conversely,  if  then  G^u  is  given  pointwise  almost  every¬ 


where  by  the  formula 
m* 


<yM-  rirfc2«-^-‘iDjv<x)d:< 

<=0  JiP-/  Rn 


n 

Rn  Rn 


Aw^'W'*1  W> 


w 


F- 


WJ 


(VI*)  -1 

4—  <4A0,(*.t)J . 


Using  the  same  reasoning  as  above  we  conclude  that  G  veW**  and 

7  ot 

lGTv|a>p^  CMa-7>p  wlth  C<  yt{minO.l-0^M-^)[0(l^)]VP'[P,(l-F)rP} 

This  completes  the  proof. 

In  particular  it  follows  from  Theorem  11,2  that  *  GmW^  *or 

0  <  /3  <  1  and  m  integer,  and  there  is  a  constant  C  >  0  such  that  C  ^Jvj^  p  ^ 
Ig  vl  <  ClvL  .  It  follows  from  the  estimates  indicated  in  the  proof 

1  m  m+0lP  *  *  V* 

that  the  constant  C  increases  unboundedly  as  0 — 0  or  0 — ►  1.  For 
1  <  p  <  oo,  this  result  can  be  improved  by  using  singular  integrals.  This  is 
done  by  means  of  the  following  proposition. 

Proposition  A.  If  K(x-y)  is  a  kernel  such  that  for  fe  the  integral 
Kf(x)  =  ^nK(x-y)f(y)dy  (possibly  understood  as  singular  integral)  exists 
pointwise  almost  everywhere  and  there  is  a  constant  C  independent  of  f 
such  that 

(11.10)  IlKffl  <  C{|f|!  , 

Li  L 

then  for  every  ve  W^,  0  <  0  <  1,  Kve  and  jKv)^  ^  <  Cjvj^  ^  with  the 


same  constant  C  as  in  (11.10). 


The  proof  follows  immediately  if  we  notice  that  A^Kf  =  KA^f  and  that 

'-'H 

We  can  now  state  the  partial  imporovement  of  Theorem  11.2: 

Theorem  11.2'.  There  exists  a  constant  depending  only  on  p,  n,  the 


positive  integer  m  and  an  upper  bound  of  a  such  that  for  1  <  p  <  oo 

C  *lv|  <  ]G  vl  ,  <  Clvl 

1  *a,p  a?  1  m  *a+m,p  =  1  'o.p 

Proof.  Obviously  it  is  enough  to  consider  the  case  0  <  a  <  1,  m  =  1. 
8  8 

Put  u  *=  GjV,  -g —  u  -g —  *  v.  By  (5.30)  with  m  «1,  we  have 

0Xk  flXk 

n 

v(z)  *  (GjfuHz)  —  Gi*  * 


As  in  Theorem  11.1.  i),  this  gives  our  present  theorem  for  a  »  0  and, 
by  Prop.  A,  also  for  0  <  o  <  1  with  the  same  constant  C.  We  use  then 
Theorem  8.1  ii)  to  extend  it  to  a  =  1. 

The  next  theorem  is  a  counterpart  of  Theorem  11.2  for  spaces  H>a’P. 
In  its  proof  we  will  use  the  following  obvious  propositions 

Proposition  B.  Consider  two  measure -spaces  (X.dpi),  (Y,  dv)  and  a 


kernel  K(x,y)  p-ab.  -r.  with  p-bound  for  jK(x,y)|.  Let  K'(x,y)  as 
A(x,y)K(x,y)  with  |A(x,y)J  <  C  «  const,  for  all  x,  y.  Then  K1  is  p-ab.  -r. 
with  p-bound  <  CM  . 

- E - p 

Proposition  C.  Consider  three  measure-spaces  (X,d|i),  (Y,dv),  (T,du), 


and  a  kernel  K(x,y,t),  xe  X,  yc  Y,  te  T  measurable  in  the  product  space 


Xx  Yx  T  .  Suppose  that  for  each  fixed  t,  K(x,y,t)  is  p-ab,  -r.  with  p-bound 
for  jK{x,y,t)J  uniformly  bounded  by  M.  Then,  if  the  total  mass  u(  T)  is 
finite,  the  kernel  ^  K(x,y,t)du(t)  is  p.  -ab.  -r.  with  p-bound  £M(j(T). 

Theorem  11.3.  If  a  >  y  >  0,  1  <  p  <  <x>,  then  G  12>^’P  = 

■  u^y 

More  explicitly,  iQ  is  the  space  of  all  functions  u  of  the  form  u  =  G  v 
with  and  there  exist  constants  C,  C1  >  0  depending  on  a,  y,  k,  k1 

(k,  k'  are  integer,  k1  >  y,  k  >  a)  such  that 


(11.11) 


C I v|  ,  .  <  IG  vl  ,  <  C'lvl  ,  , 

1  Vp.k'  -  J  a-y  ]a,p,k  —  1  'v.p.k 


Proof.  By  Lemma  4.1  we  may  assume  without  loss  of  generality  that 
k  ~  [a]  +  4  and  we  may  choose  then  k*  so  that  k-k'  >  a  —  y  +  1  and  k'  >  y+1. 

If  veyS^’p  then  by  Young’s  inequality  we  get  Ga  ^veLp  and  J]Ga _^,VU  p 


|  v  J]  .  Furthermore,  for  every  t,  Ga.^v  =  k  G 
W 


Ak' 

*  A.  v. 
a-y  t 


Applying  (9.17)  (with  |jj  =0)  we  get  \  Jtj  a+^jA^  k  G  (x)]dx  <  X,  and  hence, 

Rn  7 

by  Young's  inequality 

^nM-“iM-“^Ga.vfpd,  s  £w-nxpii«ri'ikt,vrpdt, 

R  R 

which  achieves  the  proof  of  the  second  inequality  in  (11.11)  with  C’  <  • 


Put  now  ua  G  v.  Hence  v  *  G  u.  We  use  the  formula  (5.22) 
a-y  y-a 

which  at  first  we  know  only  to  be  valid  in  sense  of  distributions  (we  replace 

0  by  a  and  a  by  a-y).  By  shifting  a  suitable  number  of  differences  from 

G  to  u(or  vice-versa)  in  the  convolutions  we  can  rewrite  the  formula 
a+y  v 

(still  in  sense  of  distributions)  as  follows 


t  WMSS 


A  ^k-i-l1  i.> 

t,(i-k)t;t02n+2atl, 


1,1'*  0 

i+i'Sk 


Rn  W 


n+2o 


C-i'.;*  aoti(»-x)u(x)d*dt 


2k  -i  -i’ 

V  ,k„k,  f  f  At.U-k)'it  G2nW'>  ,.k  k  ;  \ 

'  2  W  J J„  — rprra; - <W2~’I|at;*uMd*d‘  r 

i,i'=0  RnRn  J1!  ' 

i+i'>k 


We  have  here  a  linear  combination  with  constant  coefficients  of  formal 
integral  transformations.  Our  aim  is  to  show  that  when  juj^  ^  <  oo  each 
of  these  transforms  is  in  L^(Rn;dz)  and  when  we  apply  jtj  •  ii-l  ^  to  them 
we  obtain  functions  in  L^(Rn  x  Rn;d(j.(z,t^)). 

Consider  first  the  transforms  in  (11.12)  in  the  first  sum  when  1+1'  <  k. 
Their  kernels  can  be  written  in  the  form 


(11.13) 

with 


f  K(x,z,t)  dw(t) 

if 

K(x.x.t)  =  O^.-x) 


dw(t)  =  jt| 


-n-2o  A2k-i;i.;t  °2n+2a<t>dt 


for  J  +i'  <  1 


K(x.x,t)=  W@  at.x-l',;xG«t1<‘-x| 


*><*»  -  W”'2“+S  Q2„«„<'>dt 


0  *  min (i  +  i’-l,  a) 


for  2  <  1  +i‘  <[  k 


By  (2.11)  andinviewof  the  exponential  decrease  at  co  of  ^2n+Za  ’ 
ha b  a  finite  total  mass  £  K  .  The  kernels  jK(x,z,t)J  are  p-ab. -r.  for 
(R^idx)  and  (R?;dz)  by  virtue  of  Prop.  10.1  and  10. 5i)  with  bounds  <  in- 
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dependent  of  t.  Furthermore,  the  kernels  Jt^|”^  |  A^  zK(x,z,t)J  are  p-ab. -r. 
by  Prop.  10.2  i)  and  10.5  ii)  for  (Rn;dx)  and  (RnxRn;dp(z,t^))  with  bounds  in¬ 
dependent  of  t.  Hence,  by  Proposition  C  above,  the  transforms  in  the  first 
sum  in  (11.2)  have  norms  j  Ly  p  bounded  by  cJJuJJ  p. 

Consider  now  the  second  sum  in  (11.2)  where  2  +i'  Sk  +  1.  The  corres¬ 
ponding  transforms  can  be  written 

J  j'  A(t)K(x,t,z)w(x,t)dp.(x,t) 


(11.14) 

where  we  put 


Rn  Rn 


w(x,t)  =  ftj'^i^uix-i't) 


a(I +  i'-k) 

K(x,t,z)  =  Jtj  5  ZCi'~k 


Ga+7(Z-X) 


A(t)  =  jt| 


a(2k-i-f) 

- E - 


t,(i  -k)t;t  U2n+2aw  * 


We  have  here  A(t)  i  Hj  (by  (2.11)),  K(x,t,z)  is  p-ab. -r.  for  (RnxRn;d(J.(x,t) 
and  (rf\  dz)  (by  adjoint  Prop.10.2  i))  for  n' =  n  and  Jj]  =0)  and  ]t.j  K(x,z,t) 

A  t  Z 

is  p-ab.  -r.  for  (Rnx Rn;d|i(x,t))  and  (Rf'x Rn;dp.(z,tj))  (by  Prop.  10.4  with 
n'  *  n  and  Jj]  «  0).  By  Proposition  B,  this  finishes  the  proof  of  the  first  in¬ 
equality  in  (11.11).  By  checking  on  the  bounds  in  all  the  propositions  used  in 
our  proof  we  find  the  following  evaluations  for  the  constants  C  and  C'  in  (11.11): 

(11.15)  l/C^Hy2,  C'  £  K  for  1  <  p  1  oo  . 


1. 


Theorem  11.4.  _I£  a  is  not  an  integer  then 


a,p 


Wp  ,  1  <  P  <  oo. 


If  a  is  an  integer  then  for  l|pl2  and  W®  C  ~£>a’^  t°T  2  g  p  <  oo. 


1.  On  the  assumption  that  k  and  k'  are  chosen  as  they  were  at  the  beginning 
of  the  proof.  For  other  choices  of  k  and  k'  the  evaluations  should  be  changed 
by  using  Lemma  4. 1. 
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Proof.  The  first  part  follows  directly  from  Theorems  11.2  and  11.3 
and  the  remark  that  for  0  <  0  <  1,  'ft  ^,p  *=  ,  1  £  p  <,  oo.  To  prove  the 

»  m 

second  part,  observe  that  if  ue  rfta'*>,  a- integer,  then  u  =  Ga  efe»fe  efte’*\ 
0  <  c  <  1,  and  the  norms  lul _ .  and  If  I  „  are  equivalent.  By  the 

1  W*P»K  CC>p 

reproducing  formula  (5.24)  (with  0  *  c )  and  Propositions  10.1,  10.2  i)  adjoint, 
we  also  have  pointwise  a.  e. . , 

U(X)  "  InG«+€(X 


-y)f  (y)dy  +  C  C  — ^ 

K1  Rn  |tje 


|t|C  ,y''' 


Therefore  derivatives  D.u,  [j|  1  a  are  given  by  the  formula 


D.u(x) 


n  ,  .  c  C  A.rffc  .  (x-y)  A  f  (y) 


The  right-hand  side  of  the  last  expression  can  be  interpreted  as  the 

sum  of  results  of  two  integral  transformations  applied  to  f£  and  w£  = 

A  f  (y) 

_ _ _  respectively.  By  Propositions  10.1,  10.2  i)  adjoint,  and  10.2  iii),  the 

first  transformation  is  absolutely  regular  for  |j|  <  or.,  the  second  is  abso- 

/V 

lutely  regular  for  JjJ  <  a  and  p-s.  r. ,  1  £  p  ^  2  if  jjj  s  or.  Thus  7*>  ’^C 
if  a  is  an  integer  and  1  <  p  <  2. 

To  prove  the  ooposite  inclusion  for  2  <  p  <L  oo,  we  remark  that  if  ue  w“ 

then  by  (5.29)  (with  m  =  a)  we  have,  at  first  in  sense  of  distributions 

u  m  G  *  f  where 
a-€  e 

a 

(11.16)  f€(y)  »  £(?>  J  i  I^jZ,Go+e(y"zi)Dju(!B)d*  * 

i=0  |jj-f  Rn 

Applying  Prop.  10.1  we  prove  that  this  is  a  bona  fide  integral  representation, 
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that  £  eLp  and  is  given  by  (11.16)  a.  e. ,  By  Theorem  11.3  it  is  sufficient  to 


prove  that  f  e  2  <  p  1  oo.  We  know  already  that  f  eLp;  on  the  other 


A.  f 


hand  — —  can  be  written  as  a  linear  combination  of  terms  w.(y,t)  given 
\t\€ 

by  the  formula 

A.  6z)G  ,  (y-z) 

t;y  j  q+evy  1 


j(y.t)  =  j* 

Rn 


■  Dju(z)dz 


a.P 


By  Proposition  10.2,  for  [jj  <  a,  Wj(y,t)  is  the  result  of  an  absolutely 
regular  integral  transformation  applied  to  D.u;  for  Jjj  =  a  and  2  £  p  <  oo 
it  is  the  result  of  a  p-s,  r.  transformation.  Hence  w^  e  x  Rn,  dp.)  which 

completes  the  proof. 

If  for  fixed  k„  >  an  >  0  we  choose  a  norm  I  u  l  on  it)  equi- 

°  0  V  0’P 

valent  to  Ju]^  ^  and  then  define  |u|^p  =  lG#.#()ul  #(),p  for  u£^' 

a  >  0,  this  norm,  by  Theorem  11.3  will  be  equivalent  to  Juj^  k  for  a  >  0. 

If  we  restrict  the  choice  of  llull  by  the  additional  requirement  that  for 

*  Vo’p 

p  =  2  it  coincides  with  juL  =  lul  7  we  shall  call  the  resulting  norm, 

a0  a0,c 

llull  a  standard  norm  on  7t>a,P.  The  simplest  such  choices  of  JJujJ 

73°' P  -  ys,a0,p 

seem  to  be  the  two  following  norms:  the  first,  for  a q  =  1,  leads  to  the 

standard  norm: 


(U 


•n>  m'  -  ♦  7^7 1  -  • 

75  Lr4ir  log  2  L 


the  second,  for  Oq  =  ]/Z9  defined  by  J|ujJ  p  =  lul]/2  p  *  lea<*s  to 


out.,  Mp , ,♦ 

1%  L  '  Rn  ^ 
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Recapitulating,  we  can  state 


Theorem  11.5.  Consider  ^b°'p  with  a  standard  norm  for  a  >  0.  The 


potential  operator  is  then  an  isometric  isomorphism  of  ■/!fcar,p  onto 
£<*+7* P#  For  p  *2,  =  w“  ■  ,  with  equality  of  standard  norms  in 


all  these  spaces. 


Remark.  For  any  norm  Hu  I 


B 


a.p 


as  defined  above  ,  and  function  u(y) 


we  can  consider  the  function  $(a)  *  II u  II  n  (  =  oo  if  u 41^'^)  f°r  n  >  0. 

Ba,P 

Obviously  $(a)  <  oo  implies  <t(a')  <  fx>  for  o*<  a.  It  can  be  proved  without 
much  difficulty  that  1*  for  all  a,  $(o)  is  continuous  to  the  left}  21  if  4»(o)  <  oo, 
for  0  <  a  <  o'  then  $  is  continuous  on  this  interval.  If  we  take  for  Hu U 

■  *  ■  *j“*P 

the  norm  (11.20)  or  (11.20'),  then  d(o)  is  non-decreasing. 


Consider  the  inverse  potential  operator  Q_tf  applied  to  *fca,P.  This 
gives  a  space  of  distributions  G_a(tea,P)  which,  by  Theorem  11.3,  is  indepen¬ 
dent  of  a.  We  will  denote  this  space  by  B0,p»  Hence 

(1148)  f3a,p  -  Ga(B0,p)  for  afcO. 

Since  for  0  <  0  <  1,  ■  W^,  we  obtain  by  Theorem  U.lii)  -  in  view 

of  the  fact  that  G  (lP )  ■  Lp, 

•Of  a 

(11.19)  B0,p  C  LP  for  1  £  p  $  2,  B0,p  D  &  tor  2  £  p  £  co  . 


As  a  consequence,  we  have  also 


(11.20)  •&a,pC  1*P  for  1  £p  £2,  vSa*p 3  Lp  (or  2£p£ao. 
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§  12.  A  projection  formula  and  conjugate  spaces. 

In  this  section  we  shall  need  some  results  of  the  theory  of  pairings  and 
associated  norms  (c.f.  [4]).  Let  A  and  B  be  complex  Banach  spaces  and 
<  v,w  >  be  a  bilinear  hermitian  complex  valued  form  on  AxB  (i.  e.  linear 
in  v,  antilinear  in  w).  The  system  [A,B,<  ,  >]  is  called  a  pairing.  A 
pairing  is  proper  if  <Vq,w>  =  0  for  all  weB  implies  Vq  =  0  and  <v,Wq>  =  0 
for  all  veA  implies  Wq  =  0.  The  norms  in  A  and  B  are  admissible  with 
respect  to  the  pairing  [A,B,  <  ,  >]  if  <  v,w  >  is  a  bounded  functional  on  A 

for  every  fixed  weB  and  a  bounded  functional  on  B  for  every  fixed  veA. 

Let  [A,B,<  i  >]  be  a  proper  pairing  and  norms  in  A  and  B  be  admissible. 

The  correspondence  v  — f(v)  =<v,w>  is  a  canonical  linear  continu¬ 
ous  mapping  A  — *-  B*  where  B*  is  the  anticonjugate  of  B,  i.  e.  the  space 
of  antilinear  continuous  functionals  on  B.  Similarly,  w  — >  <v,w>  is  the 
canonical  mapping  of  B  into  A*  .  We  say  that  in  this  pairing  B  is  canoni¬ 
cally  isomorphic  with  A*  if  every  linear  functional  cp  on  A  can  be  represen¬ 
ted  in  the  form  cp(v)  =  <v,w^>  with  some  fixed  w^eB  (since  the  pairing  is 
proper  this  w^1  is  clearly  unique).  A  bounded  operator  P*:B  — ►B  is  called  ad¬ 
joint  of  a  bounded  operator  P:A  — A  with  respect  to  the  pairing  [A,B,<  ,  >] 
if  <  Pv,w  >  =  <  v,P*w  >  for  all  veA  and  weB. 

The  adjoint  may  not  exist  for  some  operators  in  some  pairings.  In 
the  pairing  [A,B,<  ,  >]  every  bounded  operator  on  A  will  possess  an  adjoint 

if  and  only  if  B  is  canonically  isomorphic  to  A*. 

If  Aq  is  a  closed  subspace  of  a  Banach  space  A  then  we  say  that  an 
operator  P:A  — ►  Aq  is  a  projection  of  A  onto  Aq  if  P  is  bounded,  P(A)  = 
A0  and  P2  =  P. 

If  a  projection  P  of  A  onto  Aq  has  an  adjoint  P*  then  P*  is  also  a 


t 


projection. 
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Theorem  124.  Let  [A,B,  <  ,  >]  be  a  proper  pairing  of  Banach 

spaces,  Aq,Bq  be  closed  subspaces  of  A  and  B,  and  P,P*  be  adjoint  pro¬ 
jections  of  A  onto  Aq  and  B  onto  Bq  respectively.  Then 

i)  The  pairing  [Aq,Bq,<  ,  >]  is  proper. 

ii)  If  B  is  canonically  isomorphic  with  the  conjugate  space  of  A  (in 
the  pairing  [A,B,  <  ,  >]  )  then  Bq  is  canonically  isomorphic  with  the  con¬ 
jugate  space  of  Aq  (in  the  pairing  [Aq.Bq,  <  ,  >]  ). 

Proof,  i)  Let  Vq£  Aq  and  <  Vq,P*w  >  =  0  for  all  weB.  Then  by  de¬ 
finition  <  vQ,P*w  >  =  <  Pvq, w  >  =  <?Vq,w>  =  0  for  all  wtB  and  . 
since  the  pairing  is  proper,  Vq  =0.  The  proof  is  similar  for  WqCBq. 

ii)  Let  cp  be  any  bounded  linear  functional  on  Aq.  By  the 
Hahn-Banach  theorem  cp  can  be  extended  to  some  bounded  linear  functional 
Cp  on  A.  By  assumption  there  is  an  element  Ab  such  that  cp(v)  =  <v,wCf)> 
for  all  veA.  Hence  for  vcAq,  <p(v)  =  <  v.w'P  >  =<  Pv.w^  >  =  <  v,P*w<*)  >  = 

<  v, Wq  >,  Wq  =  P  w^cBq.  By  i)  is  unique. 

We  proceed  now  to  apply  Theorem  12.1  to  the  case  when  A  =  A^  , 
B=A£  (c.f.  §11).  For  {vj,Wj}eAP  and  {v'j>wj]eAa  andfor{v^eAP 
and  {v1.  jeA^  ,  if  a  is  an  integer,  the  bilinear  form  <  ,  >  is  defined  by 
the  formulas 


m 


for  a  not  integer,  m  =  [or],  /3  =  a-[o],  and 

m 

* i vj !■  !v'j  1 >»  “  Z  ,,Z £,yj(x)'¥ri  dx 

f  =o|jJ=f  r" 


I 


if  a  is  an  integer  a  =  m. 


The  pairing 


(12.2)  [AP,AP’,<  ,  >  ] 

1  a  a  ’  a  J 

is  clearly  proper,  the  norms  in  Ap  and  AP  are  admissible  and  for  1  <  p  < 

p1 

a  18  ln  this  Pairin8  canonically  isomorphic  to  the  conjugate  space  of  AP  . 

As  indicated  in  §11,  for  every  p,  1  1  p  £  co,  the  space  W®  with  norm 
1  lajp  can  be  isometrically  imbedded  in  the  space  AP  ,  the  imbedding  : 
W"  — AP  being  given  by  the  formulas 


oo 


(12.3)  Vj(x)  =  D.u(x),  w.(x,t)  =  J-  Jyf  ]  ,  ue  w".  |jj  £  m  =  [a],  0  =  a- [a]  , 

if  a  is  not  an  integer,  and 

(12-3‘>  v.(x)  =  D.u(x)  ,  u(Wpm,  jjjlm, 

if  a  is  an  integer,  a  =  m. 

Consider  now,  for  ^.w^eA^  or  for  ^v.jeA^  if  a=m  is  an  integer, 
the  transformation  T  defined  by  the  formula 

Of,  p 

(12-4)  Ta.pb,Wjl(z)  =  r  Y  [I  ^jX’G2a(z‘x)vj(x) 

1=0  ljf=i  Rn 


f  f  At.x,x^a(z-X> 

jtJP 


for  a  not  an  integer,  and 
(12.4*) 


Rn  Rn 


Wj(x,t)d^(x, 


m 

Vpmw-I«T)I  $■ 

1=0  [i]=i  Rn 


I?>G2m{z"x)  VX)  dX 


for  a  integer,  a  =  m. 


If  ueW“  then  the  reproducing  formulas  (5.27),  (5.29)  and  Propositions 


10.1  and  10.2  give 
(12.5) 


Ta,pEa  pU(x)  =  u(x)  almost  everywhere. 
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Using  propositions  10.1,  10.2,  and  10.4  we  conclude  that  for  a  not  an 

integer  and  l<p  <oo,  T  $v.,w.*(eV*  if  (v.,w.]eAP  and  there  is  a  con - 
B  r  =  a,p 1  J  J  *  p  1  J  J  1  a 

stant  C  independent  of  ^Vj,Wj]  such  that 


(12.6) 


Kph'^a.P  ^CHvj*Wj^Ua  —  ^°°- 


On  the  other  hand  if  a  is  an  integer,  a  =  m,  then  from  (5.7)  and  (6.13)  it 

follows  that  (v.l  e  Ap  implies  T  {v.  le  w”1  and  there  is  a  constant  C 
1  j 1  m  r  m,p  ‘  j  *  p 

independent  of  {Vj]  such  that 

lTm,Pvjlm,p  S  °lvjllAp  ‘SI  1<P<“. 


m 


We  easily  verify  that 


(12.7) 


(E  T  )*  =  E 
'  ar.P  u.p' 


a,p'  a,p 


in  the  pairing  [AP  ,  AP  ,  <  ,  >  ]. 


a  a  a 

Taking  into  account  (12.5),  (12.6),  (12. 6 * )  and  (12.7)  we  get 


Theorem  12.2.  If  either  a  is  not  an  integer  and  l£  p<£  oo,  or  a  is  an 

integer  and  1<  p<  oo,  then  the  operator  =  E^  ^  Tft  ^  is  a  projection  of 

AP  onto  the  subspace  E^  p(W®).  In  the  pairing  (12.2),  is  the  adjoint 

operator  of  P 
— — -  a,p 

Pairing  (12.2)  induces  a  corresponding  pairing  of  the  spaces  w“  and  Wp“, 

(12.8)  [w“.w“,(  ,  y 

with 

(12.9)  <Ea,p“’E«,p''r><. 
for  uc  W®,  ve  . 

Hence,  using  Theorems  12.1  and  12,2,  we  get 
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THEOREM  12. 3  If  either  a  is  not  an  integer  and  1  <  p  <  oo,  or  a  is 
an  integer  and  1  <  p  <  oo,  then  in  the  pairing  (12.8)  the  space  W®,  is  canoni- 
cally  isomorphic  to  the  conjugate  space  of  . 

Similar  results  can  be  obtained  for  spaces  7§a,p.  To  obtain  an  iso- 
morphism  of  72?  ’v  with  (  72?  ,p)  we  have  to  choose  a  suitable  pairing 
(the  isomorphism  obviously  depends  on  the  pairing).  The  quickest  way  is  to 
use  the  isomorphism  G 

“  u  ry  «-  p 

)V2]  (see  (12.8) 

and  (12.9)).  We  obtain  thus  the  pairing 


j  .,/,  between  72?a’P  and  (see  theorems  11.4 

-a+y2  p  1 

and  11.5)  and  take  advantage  of  the  pairing  [Wj]|  ,  Wj^  ,  ( 


(12.10) 

and  the  theorem 


[  ^a’p,  «a,p  ,  (G_a+y2v,  G.a+1/2w)l/2^ 


~a,p' 


THEOREM  12.4.  For  1  £  p  <  oo,  iB  canonically  isomorphic  to 

(72>a’P)  in  pairing  (12.10), 


Remark.  In  analogy  with  our  procedure  in  the  case  of  spaces  it 

~~N*~  p  Q 

would  seem  more  natural  to  use  the  following  construction  for  spaces  ’  . 

Put  <^P  =  L,P(rfl)  x  L^H?1  x  Rn,  dp).  For  [v,w]  eXP  define  U{v,w^|^  = 

JC1  p 


|j v H p  +  U  w j) p  .  For  a  >  0,  the  space  with  norm  J  j 

Lp  Lp(Rn  x  Rn,p. )  m 

k  >  a,  is  then  isometrically  imbedded  in  oCr  by  the  mapping  E^ '  : 

n  — ►  {u,  Jt  j'a  A^u]  . 

The  spaces  o£>p  and  °£p  are  in  natural  pairing  with  scalar  product 
<  {v,w  j,  {v’.w1  }>  =yvv'dx  *  ^  ^  w  w'  d|ji(x,t).  We  would  expect  now  to 
find  suitable  adjoint  projections  of  <£p  onto  E^p(72>a,p)  and  of  onto 

E^  ,(/5°’P  )•  These  will  be  obtained  if  we  get  suitable  reproducing  for- 
mulas  for  the  ~fb  ,p  which  would  play  in  the  present  case  the  same  role 


a.p.k’ 
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as  the  formulas  (5.27)  and  (5.29)  played  in  the  case  of  spaces  when  we 

constructed  the  transformations  T  and  the  projections  E  T  .  Such 

a.p  a, p  o,p 

reproducing  formulas  exist;  they  require  the  use  of  the  reproducing  (or 

pseudo-reproducing)  kernel  for  the  space  73  with  the  norm  J  Ja  2  k 

ct  a 

(for  Wp  we  used  the  reproducing  kernel  G^^x-y)  of  the  space  with 

norm  )  1.  ,  this  space  being  essentially  the  space  Pa),  The  required 

reproducing  kernel  is  the  inverse  Fourier  transform  of  (2»)_l,^(l+C |£| ^a)  ^ 


with  C  =  t'Jl 


k+1 


The  reason  why  we  did  not  use  this 


“2—  c(n*“)  Ai"-k;s 
approach  is  that  we  would  need  many  properties  of  this  kernel  which  are  not 


readily  available. 


CHAPTER  III 

Perfect  completion  of  “3-a,p  and 

§13.  The  spaces  Ptt,p  and  Ba’P, 

In  this  section  we  prove  the  existence  of  perfect  functional  completions 
of  'g.a’P  and  T5a,P  which  will  be  denoted  Pa,p  and  Ba,p.  We  give  also  a 
description  of  the  exceptional  sets  of  these  classes  and  differentiability  prop¬ 
erties  (in  the  ordinary  sense)  of  functions  in  these  classes. 

We  remind  the  reader  that  and  are  formed  by  functions 

in  C^°  with  norms  lul  or  lul  ,  and  their  imperfect  completions 
(rel.  OLq)  are  W®  and  72>a,p  respectively.  We  also  consider  the  class  C^° 
with  the  norm  JJ u JJ ^  as  defined  in  Lp  .  We  define  its  perfect  completion* 

which  will  be  denoted  Pa,p  (L^  is  its  imperfect  completion  rel.  <Hq  ). 
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Since  for  a  non-integer  the  norm  in  W®  is  equivalent  to  the  one  in 


'73°'^  (see  Theorem  11.4)  we  will  have 

(13.1)  Ba’P  =  P°'P  for  a  non-integer. 

Since  for  integer  m  and  1  <  p  <  oo  the  norm  in^W  m  is  equivalent  to 

the  one  in  lP  (see  Theorem  11.1)  we  will  have 
m  *  ’ 


(13.2) 


Pm’P  =  Pm,p  for  integer  m  and  1  <  p<  oo. 


It  is  therefore  enough  to  prove  the  existence  of  Ba,p  and  Pa’P  in 
V  cx  p 

order  to  have  P  except  when  a  is  an  integer  and  p  =  1.  We  will  show 

1  1  ^  2 
that  P  ’  exists,  but  the  problem  of  existence  of  P  ’  for  m  integer  >  1 

remains  open. 

For  p  ~  oo  all  our  incomplete  spaces  are  proper  functional  spaces 
and,  as  mentioned  before,  have  proper  functional  completions  denoted 
pQr,oo<  pQ’>QO<antj  BQr,GD<  contained  in  Ptt,0°,  Pa,GO  and  Ba,GO  respectively. 

The  exceptional  classes  for  P°’P  and  Ba,p  will  be  denoted  0La ,P 
and  <^6-a’P  respectively.  Since  for  0  <a^<a^<a^  we  have  lF^C  ^ 

(see  Theorem  ll.liii))  the  corresponding  norms,  on  C^°  satisfy 

Hull  <  c|u]  ,  <  c'HuH  with  positive  constants  c,  c'.  Hence 

u  “opP  =  1  <a2,p,k  =  «  uo3,p  r 


(13.3) 


«,.P  a?.P  avP  Oj.P  _,a2’V  c 

P1  3)B  2  DP  3  and  0iX  L  -JOt. 


Qj.P  ^a2,p  aV p 


for  0  <  <  a  £  <  . 


V1  1 

Since  we  will  prove  the  existence  of  P  ’  ,  the  exceptional  class  of  which 


11 

will  be  denoted  Ot  ’  we  have  also 

>1  vii  a2,X 

(13. 3')  PA  DP'  DP 


^1,1  u  1  t 

ot  1  ot  2 


for  0  <  ^  <  1  <  • 


(13.3’) 
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The  existence  of  3?m’^  for  m  an  integer  >  1  not  being  proved  as  yet, 

ro  1 

we  will  use  an  "almost  perfect"  completion  of  ^  ’  which  we  will  denote 

here  (improperly!)  Pm’  and  vyhich  will  have  an  exceptional  class  given  by 


(13.4) 


c *m* 1  =  n  <n.a>1 

a<  m 


This  class  is  much  smaller  than  Ot q.  The  existence  of  a  completion 
of  'y  11  rel.  Ot  '  is  assured  by  the  fact  that  there  exists  a  completion 
of  '^rn’^  rel.  for  every  a  <  m  ,  hence  also  rel.  (see  Prop. 

6.  §4  of  [1  ]). 


We  can  therefore  write,  extending  (13. 3'), 


(13.5) 


“2*1  oLa l’1  3  at1”’1  3  2 


p  r  Dp™'1  3p  2’  ,  oL 

for  m  an  integer  and  0  £  <  m  < 


a,,l 


^  ct  p 

To  simplify  some  statements  we  will  use  the  notation  OU  for  the 
exceptional  class  of  Pa,p  even  in  caseB  when  Ptf,p  coincides  with  Pa,p 
or  Bff’P  respectively.  (However,  P°’P  will  be  considered  with  its  own 


standard  norm  II  .  ) 
'  o,  p 


XI, 1 


We  turn  now  to  the  proof  of  existence  of  Pa,p,  B°’P  and  Pi,x  . 

We  will  notice  first  that  in  all  our  imperfect  completions  iJ^,  “Tb01’?  ,  and 

W^,  if  a  function  u(x)  belongs  to  one  of  them,  then  so  do  all  regularizations 

u  =  u  *  e  with  some  fixed  regularizing  function  e  and  u  converges 
P  P  P 

strongly  to  u  in  the  corresponding  norm.  Furthermore  for  a  function 
cpe  C”  such  that  cp(x)  =  1  when  Jxj  <  1,  <p(ox)u^(x)  belongs  to  the  same 

space  and  converges  in  norm  to  u^(x)  when  aN,  0.  It  follows  that  we  can 


1.  This  follows  from  the  fact  that  there  exists  a  completion  rel.  0LQ  , 
namely  W™  ,  and  that  there  exists  a  completion  of  C®  with  the  weaker 


norm 
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choose  p^\  0  and  oj^\  0  such  that  cplff^xju^  (x)  converge  in  the  space 

to  u(x).  Moreover,  if  u(x)  is  continuous  cp(<x,  x)  u  (x)  will  converge 

K  Pk 

pointwise  everywhere  to  u(x). 

To  abbreviate,  we  will  denote  by  any  of  the  imperfect  comple¬ 
tions  ,  T£)a,'P  ,  and  W°  and  by  jj  j|  the  corresponding  norm.  What 
a  p 

has  been  said  above  implies 

1)  A  continuous  function  belonging  to  ^  must  belong  to  any  func¬ 
tional  completion  of  C^°  with  norm  j|  jj. 

We  have  furthermore 

2)  If  for  each  u(x)e  "3  the  function  u'(x)  =  Ju(x)j  also  belongs  to 

and  l|u'j]  1  11UJ1  **  then  C^°  with  norm  J|  JJ  has  a  perfect  functional 

completion  rel,  to  an  exceptional  class  01  formed  by  sets  A  for  which 

there  exists  an  increasing  Cauchy  sequence  of  positive  continuous  functions 

f  e  x?  such  that  f  (x)  *  oo  for  xe  A. 
h  -  n'  ’  '  — 

Proof.  By  Theorem  1.2  the  class  ^  of  continuous  functions  be¬ 
longing  to  has  the  same  functional  completions  as  C^°.  Since  ^  has 
the  strong  majoration  property  there  exists  a  common  perfect  completion 
of  C“  and  .  By  the  theory  reviewed  in  §1  the  exceptional  sets  A  for 
this  completion  are  those  of  capacity  c^(A)  =  0.  Since  the  sets  of  the 
class  CH-  are  obviously  exceptional  for  any  functional  completion  it  remains 

to  show  that  if  c^(A)  =  0  then  A eOf-  .  In  fact,  c^(A)  =  0  means  that  for 

(k)  (k) 

every  k  there  exist  sets  A*  ’  and  functions  f'  ' e  ^  such  that 
'  n  n 

A  C  U  A^  ,  2  JJfJik)||  <  2'k  and  Jfj^OOj  >1  for  xeA^. 

n  =1  n=l 

1.  This  is  a  special  form  of  strong  majoration  property. 
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n  u  <»  i 

The  sequence  of  functions  f  (x)  =  Z  Z  lf'K'(x)l  shows  that  A  e  flf  . 

n  i*s  1  k=l *  1 


Theorem  13.1.  The  perfect  completions  Ba,P  for  Q  <  a  <  1  and  Pa,P 
for  0  <  a  £  1  exist  and  their  exceptional  classes  and  Ota'^  are 

determined  as  in  Prop.  2). 


For  J5“*P  or  <  1,  we  can  take  the  norm  uj  _  ,  and  the  condition 


1  or.p.l 


in  Prop.  2)  is  obviously  satisfied  since  for  u'(x)  =  ju(x)J,  )Atu'(x)|  < 

|  A^u(x)J .  The  only  remaining  case  of  W^  is  settled  by  noticing  that  if  u(x) 
is  absolutely  continuous  in  any  variable  x^  on  an  interval,  so  is  ju(x)j  and 
Hx)||  =  1  J  almost  everywhere  on  the  interval. 


8 


'■'l  1 

Remark  1.  The  exceptional  class  01  '  was  investigated  by  W.H. 
Fleming  [8  ]  who  proved  that  it  is  the  class  of  sets  of  (n-1) -dimensional 
Hausdorff  measure  0. 


We  will  need  the  following  mean-value  theorems  for  Bessel  potentials, 
similar  to  Frostman's  theorems  for  Riesz  potentials;  the  theorems  were 
proved  in  [2], 

For  any  g(x)  Si0*  «eLloc  we  will  consider  the  function 
u(x)  =  G^(x)  **  j*  Gff(x-y)  g(y)  dy 

as  defined  everywhere  by  the  integral  -  infinite  when  the  integral  is  infinite. 

Mean  Value  Theorems.  There  exists  a  constant  C  depending  only  on 

a  and  n  such  that  for  each  sphere  S(x,r),  r  <  1  , 

i)  jgfc.r)]  J  Ga(z-y)dy  £  CGa(z-x)  for  every  z. 

S(x,r) 
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U>  [g~(|c,?)|  J  Gfl.g(y)dy  <  CG^gfx)  for  every  x  when  SeLloc 
S*X,r)  and  g  >  0. 


iAi)  lim  pg^>ryj  J  Gffg(y)dy  =  Gcg(x)  for  every  x  when  geL1^ 
c/  > 


S(x,r) 


and  g  >  0. 


»«.P 


iv)  lim  (e  *  GQg)(x)  =  lim  G^g  (x)  =  G^g(x)  for  every  x  when  g€  l»\oc 

p\0  p  p\0  P 

and  g  >  0  where  e  is  any  regularizing  runction. 

Ot  P 

Our  next  propostion  will  settle  the  question  of  existence  of  P  ,r  and 
in  all  the  remaining  cases. 


3)  Consider  two  of  our  imperfect  completions  V  and  5*" ^  such  that 
for  some  a  >  0,  Gff('5^ and  C'^jjfjjj  £  UG^fJ)  =  C||fj|j  for  every 

fe  with  a  constant  C  >  0.  Suppose  further  that  ^  ^  satisfies  the  global 

majoration  property  in  the  form 

(*)  For  every  fe  ^ ^  there  exists  f'e^j  such  that  f'(x)  >  [f(x)[  a.  e.  and 
||  f  U  i  £  M  ||  f  ||  j  with  M  independent  on  f . 


Then:  1°.  “7  has  property  (*);  2*.  C^°  in  the  norm  ||  |J  of  has 

a  perfect  functional  completion  3^  rel.  (X  where  ot-  is  the  class  of  sets  A 
for  which  there  exists  a  function  ge  ,  g  >  0  with  G^gfx)  as  oo  for  xeA; 
3°.  'J-  is  formed  by  all  functions  defined  exc.  (X  by  the  integrals 
J  Gff(x-y)f(y)  dy  with  fe  “7  l  . 

Proof.  1*.  For  ue  *$-  take  fe  ^  ^  with  u  =  G^f,  then  V  by  (*) 
and  put  u'  =  Gfff'.  Obviously  u'  2:  Ju|  and  ||u'JJ  <  MC^J)uj|. 
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2*.  We  show  first  that  01  is  a -additive.  If  A  =  U  A^,  A^e  Ot 

"kii  n-1 


and  is  the  corresponding  function,  then  g  =  2  2  jlg^lJi  gk  corres¬ 
ponds  to  A.  Next  we  show  that  every  A eOl  must  be  an  exceptional  set 
for  any  completion  of  Cq  in  the  norm  of  T  .  To  this  effect  consider  the 
function  ge^j  ,  g  ^O,  G^gfx)  =  oo  for  xeA.  As  before,  we  can  find 
a  sequence  of  functions  <p(cr^x)(e^  *  G^gJeC^0  which  converge  in  norm 
of  ^  to  G^g.  By  Mean-Value  Theorem  iv)  these  functions  converge  point- 
wise  to  Gag(x)  =  oo  for  xeA. 

To  finish  the  proof  of  2°  and  3°  we  remark  that  each  u(x)  =  ^G^x-yjfjyjdy 

y)f'(y)dy  as  oo 
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in  ^  is  finite  exc.  01-  ,  namely  outside  of  the  set  A  where 

(f1  corresponds  to  f  by  {*)).  It  follows  that  in  each  equivalence  class  rel.  OLq 

of  "7  there  exists  one  and  only  one  equivalence  class  of  rel.  (X  . 

Taking  ^  with  the  norm  of  "7  we  see  that  ?  is  a  functional  class  C  ^ 

forming  a  Banach  space  isometrically  isomorphic  to  "7  .  Since  C®C  >7 

it  remains  only  to  show  that  ^  is  a  functional  space  rel.  OU  .  In  fact,  if 

ju  1  C  ?  and  II u  ||  — >■  0  we  choose  u  so  that  2  ||u  |]  <  oo.  If 
In1  u  n u  n^  n^" 

f  e  “7- .  with  u  =  G  f  ,  f*  corresponds  to  f  by  (*)  and  g  = 


1. 


nk 


nk 


a 


nk 


2f'  then  u  (x)  — ►  0  outside  of  the  set  A  where  G  g(x)  =  oo. 
nk  nk 


Theorem  13.2.  The  perfect  completions  P°’P  and  Ba,p  exist  for 
all  a  >  0  and  p  >  1.  The  exceptional  classes  (X.a>  P  ;.nd  are 

determined  as  in  Prop,  3,  2°  by  taking  in  case  of  PQ',p  the  isomorphism 
Gff:  Lp  and  in  case  of  Ba,P  the  isomorphism  G^  :  7’P  — *-  ~^>a,P 

with  any  y,  0  <  y  <  a. 


1.  The  simplest  way  to  see  this  is  to  write  for  ut  Cq  ,  f  =  G_au  — 
Gy,  (1-A)*u  where  A  is  the  Laplacian,  f  an  integer  >  <*/£  ;  then  f 

Ltl  -Of 

is  continuous  and  Gof  defines  u  everywhere. 
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A  comment  should  be  made  in  case  of  Ba'^.  We  first  use  7  <  1 
to  be  assured  of  the  strong  majoration  property  in  7S  as  in  Prop.  2). 
Then  by  Prop.  3)1°  we  obtain  the  global  majoration  property  for  all 
Obviously,  the  perfect  completion  and  its  exceptional  class  are  independent 
of  the  choice  of  7. 

Remark  2.  The  classes  Ot-a‘  —  fla‘  =  i£ra’  were  studied  exten¬ 
sively  in  [2],  Classes  for  p  £  2  were  investigated  by  B.  Fuglede  [  9  ]. 


For  a  function  ueL^c  the  Lebesgue  set  is  the  set  of  points  x  such 
that  there  exists  a  number  u^(x)  with 

,VS  Pthfl  I  l»(y)-uLW|dy  -  0. 
r  ^  S(x,r) 

The  complement  Au  of  the  Lebesgue  set  is  the  Lebesgue  exceptional  set 
(L-exc.  set)  of  u  on  which  the  functions  uL(x)  --  the  Lebesgue  function  of  u-- 
is  not  defined  (see  the  corresponding  developments  in  [3]). 

With  an  arbitrary  bounded  function  g  vanishing  outside  of  a  compact 
and  satisfying  ^  g  dx  =1  define 

U8(x)  =  lim  (  p"ng(^^)u(y)dy  , 

p\0  J  * 

wherever  the  limit  exists.  The  points  x  where  the  limit  does  not  exist  form 

the  exceptional  set  of  u®  --  the  corrected  function  of  u  by  g.  The  Lebesgue 

L  0 

function  u  serves  as  a  "minimal"  corrected  function  since  every  u“  is  an 

extension  of  u^1.  u^(x)  =  u(x)  a.e.  and  the  L.  exc.  set  A^  has  measure  0. 

The  following  fact  concerning  the  Lebesgue  function  u^  is  of  impor¬ 
tance  to  us  (see  [3]):  if  u(x)  is  represented  a.e.  by  the  integral 
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J  G^(x-y)f(y)  dy  then  the  integral  represents  u^(x)  at  every  point  x 
where  the  integral  exists  and  is  finite. 

Theoren^3^3.  i)  u  belongs  to  lP  or  then  u^  and  every 

correction  belong  to  Pg,P  or  Ba*^  respectively.  ii)  If  ucl^1  ,  m 

an  integer,  and  every  correction  u®  belong  to  the  almost  perfect  com¬ 
pletion  Pm’^  rel.  Pi  OL  . 

“  ~  a  <m 

Proof.  Part  i)  follows  immediately  from  the  above  statement  and 

the  representation  of  the  functions  in  perfect  completion,  given  in  Prop.  3)  3°. 

Part  ii)  follows  from  i)  since  P1*1’  (2  P)  Pa’  .  For  m  —  1  it  is  an  open 

L  a<Tn  11 

problem  if  actually  u  is  in  the  perfect  completion  P  ’  ,  the  L.  exc.  set 
v  1  1 

being  in  01  ’  . 

Remark  3.  The  corrected  functions  and  the  Lebesgue  function  were 
introduced  with  the  idea  of  recapturing  the  "true"  values  of  a  function  which 
might  be  "incorrectly"  defined  on  a  set  of  measure  0.  The  above  theorem 
shows  that  there  is  some  factual  background  in  this  heuristic  idea.  The 
corrections  most  often  used  are  by  spherical  means  (g  =  un/n  for 
|xj  <  1,  =0  for  jxj  >  1)  or  by  regularizations  (g  =  e). 

In  preceding  section  we  considered  several  representation  formulas 
which  represented  functions  in  different  imperfect  completions  ^  by 
integrals  almost  everyhwere.  It  is  important  to  know  if  these  integrals 
give  actually  a  perfect  representation  of  the  corresponding  functions  in  the 
perfect  completion  7  .  This  is  true  in  most  cases  and  the  key  to  this  re¬ 
sult  lies  in  the  following  theorem. 

Theorem^l3^.  As  in  Prop.  3)  consider  two  spaces  ^  =  Ga('7:  j) 
where  _is  or  and  *3^  is  L.^5  ££_  with 
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0  <  e  <  1.  Suppose  further  that  an  integral  transform  K  from  some 
measure  space  ^Z,d(d(z)j  to_  ^Rn,  dyj  transforms  p-ab.  regu- 
IarlY  L^(Z,du(z))  into  'T1  j  .  '  Then  for  any  function  w(z)e  LiP(Z,du(z)) 

the  integral 

(**)  y^Ga(x-y)K(z,y)  w(z)du(z)dy 

represents  perfectly  a  function  u(x)e*7  outside  of  a  set  of  the  correspon¬ 
ding  class  < %  . 

Proof.  By  Prop.  3)3°  it  is  enough  to  show  that  f(y)  =  J J K(z,y)J| w(z)Jdw(z) 
is  in  "7^.  When  'S-  ^  =  LP  this  follows  from  p-ab.  regularity  of  K.  When 

1  “  ^  ^  one  kaa  3-lso  that  Jtj  A  K(z,y)  is  p.  -ab.  -r.  and  since 

i.y  .y 

^.y!y^K(*,y)^  -  JAtiy;yK(z'y,l'  thekern«l  ltJ_1At>y.yjK(z,y)|  is  p.  - 
ab. -r.  too. 

Remark  4.  As  examples  of  formulas  to  which  our  theorem  applies 
we  note  the  reproducing  formulas  (5.21)  (especially  as  rearranged  in  (11.12)) 

(5.25) ,  (5.27),  (5.29),  inversion  formulas  (5.22)  (rearranged  as  in  (11.12)), 

(5.26) ,  (5.28),  the  operator  (12.4)  in  the  projection  E  T  and  many 

0(  t  p 

others.  However  it  does  not  apply  to  (5.30)  or  (12. 4')  since  these  contain 
some  singular  integral  operators. 

We  pass  now  to  differentiability  of  functions  in  our  classes.  There 

1.  £z,du(z)]  maybe  |Rm,dz}  or  j  Rm  x  R™,  d|i(x,t)]  and  so  on  with 
dimension  m  possibly  different  from  n. 

2.  This  means  when  *7  j  =  not  only  that  K  is  p.  -ab.  -r.  but  also 

that  the  kernel  |tj_t  Afc  y.yK(z,y)  is  also  p. -ab. -r.  from  {z,du>(z)}, 

to  (RnxRn,dli(y,t)j  . 
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are  three  basic  questions  in  this  connection. 


I)  Existence  of  distribution-derivatives  as  functions  in  the  right 
classes. 

We  may  consider  the  imperfect  completions  ^  .  The  right  class 
for  derivatives  Dj  of  functions  in  '7  is  the  class  of  the  same  type 
(L,  W  or  )  with  the  same  exponent  p  and  with  order  a  diminished 
by  Jjj  units. 


a)  Classes  W£ 

' _ rv 


Their  definition  implies  that  D.(Wa)C  W1 

v  y  p  p 


These  are  the  best  from  the  present  point  of  view. 

a-lil 


for  all  p,  1  <  p  <  oo  and 


all  j  with  J  j  J  £  a. 

b)  Classes  Practically  as  good  as  the  preceding.  We  take 

the  reproducing  formula  (11.2)  (with  a  —  y)  and  apply  D.  formally  (which 

J 

has  a  meaning  in  the  sense  of  distributions)  .  We  proceed  sb  in  the  proof  of 
Theorem  11.3  (only  the  kernel  ^  is  now  replaced  by  D.  G^)  and  as  be¬ 
fore  obtain  the  ab.  -regularity  of  all  relevant  transformations  for  jjj  <  or. 
Hence  Dj  ^2)  a for  all  p  and  ]  j  J  <  a.  With  our  definition 

of  (see  §11)  the  inclusion  is  true  even  for  jjj  =  a  but 

is  a  functional  space  only  for  p  1  2  and  for  p  >  2  it  contains  distribu¬ 
tions  that  are  not  functions. 

c)  Classes  Lp  .  Everything  is  right  for  1  <  p  <  oo.  For  ucL^ 
we  use  the  representation  Dju(x)  =  ^  Ge-l)i'*-'rlj’DjGli|  (y-z)f(z)  dzdy  for 

fe  LP.  The  inner  integral  is  a  singular  integral  (see  (5.7)  and  (6.13)).  Hence 
Dj(LP)C  Lp  Jjj  for  1  <  p  <  oo,  Jjj  <  a.  But  when  p  =  1,  or  p  =  oo,  the 
inclusion  is  never  valid.  We  have  still  obviously  Dj(LP)C  0  = 
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0  wf  for  JjJ  <  a.  For  Ijl  =  a,  D.(L*  )  contains  distributions 

0<«-W  p  J  lil 

which  are  not  functions,  whereas  D.(L/j°|)C  0  . 

l-sq<00  °C 

II)  Representation  of  derivatives  by  differentiation  under  integral 
sign.  Perfect  representation. 

If  the  function  u  is  represented  by  one  of  our  integral  transforms, 

which,  by  our  theorems,  puts  it  in  one  of  the  classes  L,  W,  73  ,  of  order  a 

at  most,  then  we  cannot  apply  D.  to  the  kernel  for  Ijl  >  a  and  obtain  still 

j  / 

a  non-singular  integral  transform.  (Sometimes,  when  Jj|  =  a  we  get  a 
singular  integral  transform  of  the  type  (5.7).  )  Therefore  we  will  assume 
j  j  J  <  a.  Our  considerations  are  valid  also  for  JjJ  =0. 

The  case  1  <  p  <  oo.  The  only  relevant  classes  are  and  75>a,P. 

The  transform  can  always  be  written  in  the  form  (**)  of  Theorem  13.4  (with  a 

replaced  by  a  -  e  in  case  of  '/?>  a’^).  Replacing  in  (**)  G  (x-y)  by  D.G  (x-y) 

w  J  Of 

(or  D.G  incaseof  '&°’P)  and  remembering  that  by  (9.1),  Jd.G  (x-y)|  < 
c[G^(x-y)  +  G^  jjj(x-y)],  we  obtain  by  the  same  proof  as  in  Theorem  13.4 
that  the  representation  of  D^u,  as  function  in  Pa  ^  (or  Ba  is  perfect. 

The  case  p  =  l.  If  ue  the  results  are  exactly  the  same  as  in 

the  preceding  case. 

If  ue  Wj°  ,  a  an  integer,  we  do  not  know  if  the  representation  is  of 
the  kind  treated  in  Theorem  13.4.  However,  we  know  that  DjU  e  ^  and 

the  representation  is  almost  perfect,  i.e.  valid  outside  of  a  set  in  Pi 

If  utL^  we  know  that  in  general  D^u  ^  j.j.  However,  if  the  repre¬ 
sentation  is  of  the  type  of  Theorem  13,4  (e.g.  u  =  G^f,  fe  L*),  we  get,  in 


I 


view  of  inequality  (9.1)  that  DjU  is  defined  by  the  integral  outside  of  a 
set  eOt-a-b l’1. 


The  case  p  =  oo.  In  this  case  all  functions  in  our  classes  and  all 
their  derivatives  of  order  <a  are  continuous  and  bounded. 

The  derivatives  are  represented  by  the  corresponding  integrals  everywhere, 

III)  Pointwise  differentiation.  We  will  introduce  a  notion  of  pointwise 
derivative,  somewhat  more  restrictive  than  usual.  We  will  say  that  u  de¬ 
fined  outside  of  some  exceptional  set  A  has  a  pointwise  derivative  in  some 
direction,  say  the  direction  of  x^-  axis,  at  the  point  y  if  in  some  interval 

v  — a  <  x  <  v  +  a,  a  >  0,  u(y',x  )  is  defined  and  absolutely  continuous 
7n  n  'n  n'  - 1 - 

and  D  u(y)  =  lim  i- A,  u(y’,y  )  exists  and  is  finite.  If  u  e  L,j  and 
n  h->  0  7n 

the  so  defined  D  exists  a.  e.  and  D  ue  then  D  u  is  the  distribution 

x  x  loc  x 

n  n  n 

derivative  of  u. 

By  repeating  the  operation  we  obtain  any  higher  order  pointwise  deri¬ 
vative  D^u.  It  is  clear  that  it  is  necessary  to  define  u  much  more  precise¬ 
ly  than  exc.  01  q  to  have  the  derivatives  DjU  exist  in  pointwise  sense. 

We  will  consider  the  perfect  completions  Pa’P,  and  Ba’P  and 

prove  that  for  u  in  any  one  of  them  the  pointwise  derivatives  D^u  exist  for 
|j|  <  ct  outside  of  a  set  of  the  corresponding  class  0La  *^’P,  $l.a  W’P  or 
and  belong  to  pa'liJ  'P,  pa"Ii]  *P  and  b°  ^’P  respectively.  The 
only  exceptions  will  be  p  »  1  for  all  classes  and  p  =  oo  for  Pa,0°. 


We  prove  first  a  few  inclusions 


(13.6)  P“'PC O^C  . 

In  fact,  by  Young's  inequality  (see  [2],  §10,  Prop.  1))  we  have  ,fe  L? 


101. 


if  feLP,  hence  G  f  =  G  .  >!<  (G  ,f)ePa  ,C*.  The  inclusion  between  excep- 
a  c*  Q'-cy  r 

tional  classes  follows  from  the  one  between  the  spaces. 

(13.7)  For  p  <  q,  <?l-a’P  I)  01  . 

It  is  enough  to  prove  this  for  bounded  sets.  Suppose  ACS(0,  R)  and 
Ae  It  follows  from  Prop. SJZ^for  the  isomorphism  G^:  L^ — ►  L^  )  that 

AC[x:Gflf(x]  =  oo)  for  some  feL^,  f  >  0.  Let  x(x)  be  the  characteristic 
function  of  S(0,R).  Put  f^  =  x*>  *2  =  Then  G^f^  is  a  regular  analytic 

function  in  S(0,R),  and  hence  AC[x:  G^f^(x)  =  oo].  Since  f^eLP,  (13.7) 
follows. 


Lemma.  1°.  Let  Ae  0t°’P  (o£  Ae^**^),  o  >  1.  The  set  of  straight 
lines  parallel  to  the  x^-axis  and  meeting  A  forms  a  set  e  01°  ^’P  (or  e&a  ^’P). 

2°.  Let  Ae  £}p^’P.  The  set  of  straight  lines  parallel  to  the  x^ -axis  and 
meeting  A  forms  a  set  of  Lebesgue  measure  0. 

Proof.  1°  .  By  proposition  3)  2s  there  exists  a  function  cp  >  0  such 

that  A  =  [x;  Ga<p(x)  =  oo]  with  cp  e  LP  or  A  =  [x:G^  fcp  (x)  =  oo]  with 

11  ~  C  N 

e  =  min[^-  ,  -^]  and  cpet2>e'P.  Put  cp^x'.x^)  =  J  cp(x' ,xn+ t)  dT  for 

a  positive  integer  N.  We  have 

U<pJ  p  ^2N)jcp||  ,  JlA^II  1  2N j] 2\t cp J]  . 

L  L  L  L 

Therefore  cp^  e  LP  or  cpie72>e’P  respectively.  Put  A^=  [x:G^cp^(x)  =  oo] 
and  A^N^=  [x:  G^  ^(x)  =  oo]  (or  A^  =  [x:  G^_£ Cpj(x)  =  oo]  and  A^  = 

[x:G^  ^  ^cp^(x)  =  oo]  ).  Then  A^^e  Cja’P  and  *’P  (  or  o£ra,p 

and  jb a  ^,P  respectively).  Consider  a  point  y^Avj  A^  W  By  (9.1) 

have  ]•— Ga(x-y)j  <  c[Ga(x-y)  +  GQ  l(x-y)]  hence  for  any  h,  jh|  <  N, 


we 
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h 

l^y'.yn+h)-G  (piy'.yjl  if  f  1  G  (y'-x'.y  -x  +r)J  9(x',xn)dTdx 

Rn  0  11 

h  h 

=  C[i>  G^y'"x  ,yn"xn)  J  9(x'.xn+T)dTdx  +  J  Ga_1(y-x)J  cp(x',xn+T)dTdxl 
Rn  0  Rn  0 

=  ctGa91(y)  +  Ga_i9i(y)]  <  oo 

(or  similarly  lGa_ e9  (y  .yn+  *»)“  GQ_  e  9(y)|  £  cfGa-e  +  Ga_e  °°)* 

It  follows  that  for  y  outside  of  the  set  Au  U  (A,^UA^)6  0La~^' P 

1  1  6 

(or  &a  the  whole  straight  line  parallel  to  x^-axis  and  passing  through 

y  lies  outside  of  A. 


2°.  By  Prop.  2)  there  exists  an  increasing  sequence  of  continuous 

positive  functions  u.  forming  a  Cauchy  sequence  in  W*  such  that  AC 
k  p 

[x:  UjJx) /  co\.  Since  the  u^  are  continuous  we  can  find  a  set  A^  of  measure 

0  formed  by  straight  lines  parallel  to  x^-axls  such  that 

h 

Uj^x'.x^+h)  -  u^(x)  =  \  Uj^x'.x^  r)dr  for  all  k,  h  and  x  outside  of  A^. 

,  n  j  oxn  n 


If  there  was  a  set  of  positive  measure  of  straight  lines  parallel  to 
x  -axis  and  meeting  A  there  would  be  also  a  set  of  positive  measure  of 

r°°  0 

such  lines  on  which  \  Igx- uk^x'*xn+ T)|  ^  dr  <  for  some  constant  M 

oo  n  n 

and  all  k  (since  -  u^  is  a  Cauchy  sequence  in  iJ3).  Also  in  this  last 

n 

set  there  would  have  to  be  a  point  y  where  | <  N  for  all  k.  On  the 
corresponding  line  we  would  have  lu^ty'.y^h))  <  N  +  MjhJ^  and  the 
line  would  not  meet  A. 

Theorem  13.5.  1*.  The  case  1  <  p  <  oo.  Jf^ueP0’*3  (or  Ba'^)  and 
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<  a  the  pointwise  derivative  D.u  exists  exc.  0t-a  ^’P  (or &a  ^’P 


)and  be¬ 


longs  to  por~bl»P  (or  3a  ijl'P)-  if  [jj  =  a,  DjU  exists  exc.  and  e  Lp  for 

ue  pa,P  =  p^’P.  2°.  The  case  p  =  1.  If  u£Pa,1,Pg,1l  or  B^’1,  and  |j|  <  a, 

D.u  exists  exc.  O  Ot  and  belongs  to  O  P^'  ;  _if_  |  j|  —  a  —  1 
j  0<a-|j| 

and  ueP1,1,  D^u  exists  exc.fltQ  and  belongs  to  L1.  3°.  The  case  p  =  oo. 
If_u  belongs  to  Pa,0°,  Pa,Q°,  or  B0,“  and  |j|  <  a,  D^u  exists  everywhere 

I  1  I  /v>  V  «>  111  /*<r\  /-v _  111  nn  ll 

.  p' 


and  belongs  to  B^’" 


U£P“'°° 


or  BLt~|J',v^  respectively;  if  |j|  =  a,  and 
then  DjU  exists  exc.d-Q  and  belongs  to  LC 


oo 


Proof.  1°.  Clearly  it  is  enough  to  consider  the  case  ]j]  =1.  Suppose 

first  1  <  a.  We  confine  ourselves  to  the  case  ueBa,P  (the  case  ueP  P 

is  slightly  simpler,  both  are  similar  to  the  case  p  =  2  treated  in  [2]). 

Since  u(x)  =  ef(x)exc.^fl,p  with  2e  =  min(o-l,  1)  and  feW^  we  can 

take  the  set  Ae^r“"1,P  of  straight  lines  parallel  to  xn~axis  such  that 

u(x)  =  G  f (x)  outside  Of  A  as  in  the  above  Lemma,  then  we  write 

h 

{-(u(x',xn+h)  -u(x'.xn))  =  J  J  ^|_Ga(x'-y',xn-yn)f(y',yn+T)drdy  . 

Rn  0  n 


The  integrand  is  majorated  by 

ci[Ga(x'-y,,Xn-yn)  +  Ga_1(x'-y',xn-yn)]f(y’,yn+T). 


Introducing 


II 

r(y',  yn)  =  sup^  j"  |f(y',yn+r)|dT 


we  check  immediately  that  h 

|Atr(y,yn)l  l  sup^  y  1  Atf(y,yn  +  t)1  d*  . 

0 

Applying  Hardy- Little  wood  inequality  we  get  FeW^  ,  hence  outside 
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the  set  where  G^_£f(x)  +  jf  (x)  =  oo  and  set  A  --  which  form  a  set 

in  1,P  --  u(x)  exists  and  is  given  by  (-g^-G  )  #  f  which  is  a 
n  xn 

perfect  representation  of  a  function  in  Ba~  'p. 

If  a  =  1,  we  use  a  sequence  of  continuous  functions  cp^e  C™  conver¬ 
ging  in  P*’p  to  u  exc.  0 J^’P.  For  almost  all  lines  cp^  converges  in  Lp- 

n 

norm.  If  we  assume  that  S  j-cp^ —  cPk+l ^  1  p  <  00  the  convergence  is  domina- 

I  9  9  0  n 

ted  by  2  cp^x)  -  -  cp^lx)]  +  cp^x)  eLp,  hence  almost  everywhere 

n  n  n 

lim  ^(u(x',xn+h)  -  u(x',xn))  =  lim  lim  i(cpk(x',x  +h)  -  (p.(x',x  ))  which 
h  =  0  k«=oo  h  =  0  1 

finishes  this  part  of  the  proof. 

2°.  We  use  the  preceding  part  and  the  inclusions  (13.6)  and  (13.7)  to 
show  that  D.u  for  [j|  <  a  exists  exc.  H  01-P’l  and  is  represented  by  any 

J  p  o-bl 

of  the  relevant  representation  formulas  differentiated  under  the  sign  of  in¬ 
tegral;  but  such  a  differentiated  formula  in  all  cases  represents  a  function 
in  O  Pp*^,  For  |j|  =  a  =  1  and  ueP^’*  the  proof  is  as  in  case  1°. 

P  o-til 

3°.  This  is  obvious  except  when  |j|  =  <*  an{i  ue  i^0’00  when  we  proceed 
as  xn  1  . 

§14.  Restrictions  and  extensions  of  functions  of  Pa,p  ,  Ba’P  . 

We  shall  apply  here  the  results  of  &  10  and  §13  to  characterize  the 
restrictions  of  functions  of  Ba,p  and  Pa,p  to  hyperplanes  and  extensions 
of  functions  of  Ba,p  from  hyperplanes  to  the  whole  space.  Results  pre¬ 
sented  here  were  obtained  in  a  somehow  less  precise  form  by  Besov 
[5]  (for  Ba,p)  and  Stein  [18]  (for  Pa,p).  The  corresponding  results  for 

p 

P  can  be  obtained  from  the  ones  described  here,  in  view  of  its  inclusion 
relations  with  Ba,p  and  Pa,p  (§13). 

We  begin  with  the  characterization  of  restrictions  of  functions  of  Ba,p. 
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By  Theorem  13.2,  if  ueBft,p  and  7  is  a  fixed  number,  0  <  7  <  min(l.o), 
then  u  =  ^ ^(x-y)f(y)  dy  exc.  <^ra,p  with  f  e?5^,P  (  =  )  and  the  norms 

If  I  and  |u|  ,  (k  >  a)  are  equivalent.  For  almost  all  z  we  have 

p  p  A  G?  (z-y) 

f(z)  =G27*  f(z)  +  J  J  ~  - w(y,t)d^(y,t) 


Rn  Rn 


where  w(y,t)  =  |tj  ^A^f(y)  ,  and  consequently, 

f  f 

‘In  ‘In  It 


(14.1)  u(x)  =  J  Ga+^(x-y)  f(y)  dy  + 

Rn  R“  R1 


^  G  (x-y) 


w(y.tjdu  (y,t)  , 


the  latter  formula  being  valid  in  view  of  Theorem  13.4  exc.  d£ra,p.  Fo?.-mula 

14.1  is  suitable  for  defining  restrictions  of  u  to  hyperplanes.  As  before, 

for  n'-integer,  0  <  n'  <  n,  x'  will  denote  the  projection  of  the  point  x  onto 

n" 

the  hyperplane  x  =x  =0,  n"  =n-n'.  Assume  that  a  >  —  , 

r  n'+l  n  p 

n  * 

1  <  P  <  00  and  define  the  restriction  of  u  to  R  , 


(14.2)  u'(x')  =  y  Ga+<y(x'-y)f(y)dy  +  y  y 


A  G  ,  (x-y) 

t;y  o+7v  ” 


Rn  Rn 


w(y,t)'d(jL  (y,t)  , 


with  f  and  w  as  in  formula  (14.1). 

Hence  u'  is  the  sum  of  results  of  integral  transformations  of  Props. 

10.1  and  10.2  applied  to  feLP(Rn)  and  weL^[Rn xRn,  d[i^(y,t)]  respectively. 

By  Props.  10.1,  10.2  i),  and  Remark  2  of  §10,  we  conclude  that  u'  is  defined 

a.  e.  on  Rn  ,  belongs  to  LP(Rn  )  and  |u  |  <  c  If  I  with  a  constant 

LP(Rn)  =  ‘  ‘>P 

c  independent  of  f.  Similarly,  the  difference  quotient  w'(t'.,,x')  = 

n"  1 

1  .  p  ^  k1  1  n'  * 

jt'j]K  Atlu'(x'),  k  >  cr  -  —  ,  is  the  sum  of  results  of  the  transforma¬ 


1 


tions  of  Props.  10.2  and  10.4  applied  to  f  and  w  respectively,  and  by 


1 


1.  We  could  put  7  =  -^nuntljo) 
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Props.  10.2  i),  10.4,  and  Remark  2  of  §10,  it  belongs  to  L^>(RnxRn4fil(xl»tp] 
and  Iw'l  <  elf  I  with  some  constant  independent  of  f.  We  con> 

J  lV>  y,p 

elude  that  u*  e  rt^a~n  and 

(14.3)  ju'j  £  cjuj 

a-n"/p,p,k'  Qf,p,k 

with  k  >  a  and  some  constant  c  independent  of  u. 


It  remains  to  prove  that  u'eBfl"n'|/p,p(Rn'),  In  fact,  u(x)  is  a  pointwise 
limit  outside  of  of  a  Cauchy  sequence  of  continuous  functions 

u^e/?>a’^(Rn).  Hence  their  restrictions  u'^  form  by  (14.3)  a  Cauchy  sequence 
of  continuous  functions  in  a-n  ^P*P(Rn  )  converging  pointwise  to  u'  outside 
of  A  O  Rn  ..  We  must  now  prove  that  AO  if  e &Q  n  ^’^(JR?1  ).  By  Prop.  3), 2° 
there  exists  obviously  a  Cauchy  sequence  of  continuous  functions  v^e  73  a’P(Rn) 
such  that  AC[x:linn  vk(x)  =  oo].  Their  restrictions  form  a  Cauchy  sequence 
of  continuous  functions  v'^e  7£>a  n  /P’Pflf1  )  and  on  A  0  Rn,  v'jjx')  -*•  oo, 
hence  A  H  Rn  e  sCja~n  ).  We  have  proved  thus 


Theorem  14.1.  If  ue  a>~,l<p<oo,  then  the  pointwise 

restriction  u„  of  u  to  Rn  belongs  to  B0  n  /P’P(rP  )  and  the  restriction 
mapping  is  linear  and  bounded. 

We  shall  prove  now  that  this  restriction  mapping  is  a  mapping  onto. 
Let  u'(x  ).  Similarly  as  in  (14.1)  we  can  write  with  some 
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1. 


y,  0  <  y  <  min(l,  j3)  and  an  f'6W^(Rn  )  (with  the  norms  ju'|^  p  and 


Jf'j^  p  equivalent), 


i  r  c  ,c#£L  (x'-y'> 

(14.4)  u'(x')  «CKl  *  f(x')  +  \  \  -i-tl --Bp - w’(y’.t')du  (y'.f) 

^  r  W  wr  v 

exc.  a6p’ 


exc.  o6P’^[  in  Rn  ) 


where  w’ty'.t1)  =  J t ,f * (y ')  .  Observe,  that  by  the  definition  of  the 


kernel  G^n  ^  we  have 


a 


(14.5)  G^V')  =G^'>(|x'])  =  <«T)n'/2  ±T1gi+i>„(|«'|) 

r(7) 

=  C  „  G  „(|x'|)  , 
n",a  cH-n"'1 

where  G  ,  ,  denotes  the  usual  n-dimensional  kernel, 
a+n' 

Define  now  the  extension  u  of  the  function  u1  by  the  formula 


(14.6) 


U<X)  "  Cn",0+y  [J  1Gn"WX’y,)f,(y,)dy' 

Rn 

Rn'  Rn'  |t’F  J 

Clearly  u  is  a  C°°  function  outside  the  hyperplane  R^1  and  u(x')  * 
u'(x')  exc.  o6"^,p  (in  Rn  ). 

n” 

Let  a  =  (3  +  —  and  k  be  an  integer,  k  >  a.  Applying  Props.  1  0.1 
adjoint,  10.2  i)  adjoint,  and  Remark  2  of  §10,  we  verify  that  ue  L^B?)  and 
JJuj|  p  <  c]u'Jp  p  (k1  >  £),  with  some  constant  c  independent  of  u'. 

Similarly,  by  Prop.  10.3  and  10.4  adjoint,  the  difference  quotient 

It  1"°  A^u(x)  =  w(x,t)  is  in  LP[B?1  x  R  ,  dji(x.t)]  and  j]wjj  -  c  „  k' 

t  .  Lp(d(ji)  "  P,P,K 

with  c  independent  of  u'.  Since  (14.6)  is  of  type  (**)  of  Theor.  13.4,  this  proves 


1 


1.  We  could  put  7  =  j  min(l,(3) 
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Theorem  14.2.  If  u'  eB^’p(Rn),  0  >  0,  1  ip  loo,  then  u1  can  be 
canonically  extended  by  (14.6)to  a  function  ue  B^*n  ^’PfR?1),  the  extension 
mapping  being  linear  and  bounded. 

We  state  now  the  following  theorem  concerning  spaces  P°’P: 

Theorem  14,3.  i)  _I£  ue  Pa,p,  a  >  —  ,  1  <  p  $  oo,  then  the  restriction 

I  jjl  l/p  n  w  I 

u'  of  u  to  R  belongs  to  B  ),  the  restriction  mapping  being 

linear  and  bounded . 


ii)  _If_  u‘e  B^,P  (Rn  ),  £  >  0,  1  £  p  <  oo,  then  u*  can  be 

extended  to  a  function  u£P^n  the  extension  mapping  being  linear  and 

bounded. 

Proof.  Let  uePa,p(Rn),  then  by  Theorem  13.2  ,  u(x)  Ga(x-y)f(y)dy 

exc.  Cla,1P,  feLp.  ^ 


Define 


u*(x) 


y)f(y)  dy 


By  Prop.  10.1,  u’  is  defined  a.  e.  on  Rn  ,  belongs  to  LP(HP  )  and  |]u'||  < 

Xu 

c  Ilf  II  with  a  constant  c  independent  of  f.  On  the  other  hand,  by  Prop. 

•ip 

10.2  ii)  for  k'>  a — —  the  difference  quotient 

,  -o  k.  r  ^.GJx'-y) 

w'(x\t’)  =  Jt'jP  £j,u'(x')  -  \  — — — m—  f(y)  dy 

JRn  Jt'j" 

belongs  to  LP[I^  x  Rn  .  du'  (x't  t')]  and  II  w'  ]]  _  <  cffU  with  some 

LP(dp.')  ~  Lp 

constant  c  independent  of  f.  This  proves  that  u'e  75a-n  )  To 

show  that  u1  is  actually  in  Ba“n  "/p,p(RP')  we  proceed  as  in  the  last  part  of 
Theorem  14.1. 


ii)  Let  u'eB^'PtB?1)  and  let  u  be  given  by  (14.6).  Then  u=sGp+n,^pf 


with 


109. 


£{X)  =  Cn",p+y  ,G7+n7l>(X'y’)f,(y’)dy' 


V  Rn'  jt'P  y  J 

and  by  Prop.  10.1  adjoint,  10.2  ii)  adjoint,  and  Remark  2  of  §10,  feL^*  and 
II fU  „  1  clf'L  „  •  In  view  of  the  definition  of  f1  (as  in  (14.6))  this  completes 
the  proof. 

V  I 

We  mention  finally  the  case  of  the  spaces  P  ’  m-integer,  about 

which  no  information  can  be  obtained  from  the  theorems  proved  above.  E. 

Gagliardo  proved  (c.  f.  [11])  that  restrictions  of  functions  of  P£,£(Rn)  to  Rn_1 

are  in  L£(Rn  *).  His  reasoning  can  be  extended  (by  completion  of  C^°)  to 

prove  that  restrictions  of  functions  of  Prn,1(Rn)  to  Rn  are  in  Pm-n '’^(r!1  ), 

v  o  i  1 

m-n"  >  0,  Pu>1  =  L  . 
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